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Abstract

We extend Fagin’s result on the equivalence between
functional dependencies in relational databases and
propositional Horn clauses. It is shown that this
equivalence still holds for functional dependencies in
databases that support complex values via nesting of
records, lists, sets and multisets.

The equivalence has several implications. Firstly, it
extends a well-known result from relational databases
to databases which are not in first normal form. Sec-
ondly, it characterises the implication of functional
dependencies in complex-value databases in purely
logical terms. The database designer can take ad-
vantage of this equivalence to reduce database design
problems to simpler problems in propositional logic.
An algorithm is presented for such an application.
Furthermore, relational database design tools can be
reused to solve problems for complex-value databases.

Key Words: Logic in Databases, Functional Depen-
dency, Implication Problem, Complex values, Horn
clause

1 Introduction

Functional dependencies, first introduced by Codd
(Codd 1970), are a fundamental and widely stud-
ied concept in relational database theory. The no-
tion of a functional dependency is intuitively simple
and is therefore often applied in practice. According
to (Delobel & Adiba 1985) about two thirds of all
uni-relational dependencies (dependencies over a sin-
gle relation schema) defined in practice are functional
dependencies. It is well-known that in some ways
functional dependencies behave precisely the same as
a certain well-studied subset of propositional logic.
More precisely, Fagin has shown in (Fagin 1977) that
a functional dependency o is a consequence of a set
Y. of functional dependencies that all apply to some
relation schema if and only if all Horn clauses that
correspond to o are logical consequences of the Horn
clauses that correspond to the functional dependen-
cies in X.

Example 1.1. Consider the relation schema
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LeCTURE={ Class, Lecturer, Time, Room}

together with the following set ¥ of functional depen-
dencies on LECTURE:

e (Class — Lecturer,

e (Class, Time — Room,

e Lecturer, Time — Class, and
e Room, Time — Class.

Suppose we would like to find out whether Room and
Time together form a superkey for LECTURE. That
is, the functional dependency o:

Room, Time — Class, Lecturer

is implied by . Fagin’s result shows that this de-
cision problem is equivalent to the problem of decid-
ing whether both of the following propositional Horn
clauses', represented in implicational form,

e (Room A Time) = Class
e (Room A Time) = Lecturer

are logically implied by the following set X' of propo-
sitional Horn clauses:

e (Class = Lecturer,

e (Class \ Time) = Room,

o (Lecturer A Time) = Class,
e (Room A Time) = Class.

It is not difficult to see that the answer to these equiv-
alent decision problems is affirmative. To get a little
bit more insight into the relationship between Horn
clauses and functional dependencies we look at a fur-
ther example. The functional dependency o

Class, Lecturer, Room — Time

is mot implied by 3. A counterexample to this im-
plication is given, for instance, by the following two
tuple relation r

t1=(Databases, H. Simpson, 2:30pm, 3.12),
to=(Databases, H. Simpson, 4:30pm, 3.12).

While r satisfies all functional dependencies in 3 it
does not satisfy o. Let’s look at the corresponding
problem in terms of Horn clauses. In fact, the truth
assignment 0 that assigns true to the propositional
variables Class, Lecturer and Room, and false to the
variable Time makes all Horn clauses in ¥ true but
leaves the Horn clause

(Class N Lecturer A Room) = Time

! The attributes of LECTURE are now used as propositional vari-
ables.



false. The point is here that the truth assignment 0
assigns true to precisely those variables whose corre-
sponding attributes have the same value in the coun-
terexample relation r = {t1,t2} above. O

Due to this result it is possible to take advantage of
artificial intelligence research in the area of theorem
proving by converting results in that area into results
about relational functional dependencies. The equiv-
alence theorem has had extensions to more general
classes of dependencies (Sagiv, Delobel, Parker Jr. &
Fagin 1981, Fagin 1982) and resulted in several appli-
cations (Sagiv 1980, Parker & Delobel 1979, Delobel
& Parker 1978).

Many researchers have remarked that classical
database design problems need to be revisited in new
data formats (Suciu 2001, Vianu 2001, Vincent 1999).
Biskup (Biskup 1998) has listed two particular chal-
lenges for database design: finding a unifying frame-
work and extending achievements to deal with ad-
vanced database features such as complex data con-
structors. One possibly unifying framework can re-
sult from the classification of data models according
to the data constructors that are supported by the
model. The relational data model can be captured
by a single application of the record constructor, ar-
bitrary nesting of record and set constructor covers
aggregation and grouping which are fundamental to
many semantic data models as well as the nested re-
lational data model (Hull & King 1987, Abiteboul,
Hull & Vianu 1995). The Entity-Relationship Model
and its extensions require record, set and (disjoint)
union constructor (Chen 1976, Thalheim 2000). A
minimal set of constructors supported by any object-
oriented data model includes records, lists, sets and
multisets (Atkinson, Bancilhon, DeWitt, Dittrich,
Maier & Zdonik 1989). Genomic sequence data mod-
els call for support of records, lists and sets (Li,
Ng & Wong 2002). Finally, XML requires at least
record (concatenation), list (Kleene Closure), union
(optionality), and reference constructor (Bray, Paoli,
Sperberg-McQueen, Maler & Yergeau 2004). The fol-
lowing example illustrates the usage of complex data
constructors and what type of dependencies may arise
between complex data elements and what difficulties
they impose.

Example 1.2. Consider a simple example of a pur-
chase profile that supermarkets and Online shops may
utilise. A single entry consists of the name of the cus-
tomer, a bag of items the customer bought, and the
discount of this purchase received by the customer.
Moreover, every item of the customer’s bag consists
of an article together with the price of that article. A
database schema for such an application may look as
follows

Profile(Customer, Bag{Item(Article, Price)), Discount).

An actual entry in the database may be

(Homer,((Chocolate,3%),(Chocolate,3%$), (Beer,4$), (Beer,5%)),2%).

Suppose that Homer received his discount of 2% since
beer that costs 48 or more is on special. Intuitively,
customers with the same bag of items should receive
the same discount. This is an actual functional de-
pendency that involves complex data objects, in this
case a bag. The presence of the bag constructor shows
some surprises. Consider for instance a second data
element

(Bart,((Chocolate,4$),(Chocolate,5%), (Beer,3%), (Beer,3%)),0%).

Bart bought the same bag of articles and has same
bag of prices, yet did not receive any discount. This
is actually consistent with respect to the functional

dependency since Bart did not have the same bag of
items as Homer. In order to receive a discount it
matters which articles are bought to which price. [

The major goal of this paper is to generalise Fagin’s
Equivalence theorem to databases that support any
combination of records, lists, sets and multisets. Our
studies will be based on an abstract data model that
defines a database schema as an arbitrarily nested at-
tribute where nesting may refer to records, lists, sets
and multisets. It is our intention not to focus on
the specifics of any particular data model in order to
place emphasis on the data constructors themselves.
Functional dependencies have previously been defined
in terms of subschemata of the underlying database
schema (Hartmann, Link & Schewe 2006). Section 6
of (Hartmann et al. 2006) consists of a detailed com-
parison of our approach to previous work in various
concrete data models such as the nested relational
data model and XML. In essence, the expressiveness
is complementary. Our approach leads to Brouwe-
rian algebras (McKinsey & Tarski 1946) and provides
therefore a mathematically well-founded framework
that is sufficiently flexible and powerful to study de-
sign problems for different classes of constraints with
respect to different combinations of data constructors.
The presence of the data constructors, in particular
that of set and multiset, requires a very detailed anal-
ysis in order to generalise the original proof from the
relational data model. Most importantly, the results
of this paper show that set and bag constructors must
be handled differently from record and list construc-
tor in order to capture the semantics of dependencies
consistently.

2 An Abstract Data Model

Complex-value data models have been proposed to
overcome severe limitations of the relational data
model when designing many practical database ap-
plications (Abiteboul et al. 1995).

2.1 Database Schemata

We start with the definition of flat attributes and val-
ues for them. A universe is a finite set U together with
domains (i.e. sets of values) dom(A) for all A € U.
The elements of U are called flat attributes. Flat
attributes will be denoted by upper-case characters
from the start of the alphabet such as A, B, C etc.
In the following we will use a set £ of labels, and
assume that the symbol A is neither a flat attribute
nor a label, i.e., A ¢ Y U L. Moreover, flat attributes
are not labels and vice versa, i.e., U N L = 0.
Database schemata in our data model will be given in
form of nested attributes. Let U be a universe and £
a set of labels. The set N'A(U, L) of nested attributes
over U and L is the smallest set satisfying the follow-
ing conditions: A € NAU, L), U C NAU, L), for
Le L and Ny,...,Ny € NAU, L) with k > 1 we
have L(Ny,...,Ny) € NAWU, L), for L € L and N €
NAU, L) we have L[N], L{N}, L(N) € NAU, L).
We call X null attribute, L(N1,. .., Ng) record-valued
attribute, L|N| list-valued attribute, L{N} set-valued
attribute and L(N) multiset-valued attribute. From
now on, we assume that a set U of attribute names,
and a set £ of labels is fixed, and write N'A instead
of NA(U, L). The null attriute A is a distinguished
attribute whose domain is the single null value which
indicates that some information exists but has cur-
rently been left out. Some detailed explanations for
the null attribute A is offered later on.

Example 2.1. The relation schema LECTURE with
the four flat attributes Class, Lecturer, Time and



Room can be captured by the record-valued nested at-
tribute

Lecture(Class, Lecturer, Time, Room,).

More generally, a relation schema R = {A1,..., Ay}
with flat attributes Ay, ..., Ax may be viewed as the
record-valued attribute R(A1, ..., Ag) using the name
R of the relation schema as a label.

Example 2.2. Given flat attributes such as Cus-
tomer, Article, Price and Discount, and labels such as
Profile, Item and Bag, we may construct the record-
valued attribute

Item(Article, Price),
the multiset-valued attribute
Bag(Item(Article, Price)),
and finally the record-valued attribute
Profile(Customer, Bag{Item(Article, Price)), Discount).

Using the null attribute N we may also generate
record-valued attributes such as

Profile(Customer, Bag{Item(Article, A)), A)
or
Profile(Customer, Bag(Item(X, \)), Discount). O

We can extend the mapping dom from flat attributes
to nested attributes, i.e., we define a set dom(N)
of possible data elements for every nested attribute
N € NA. For a nested attribute N € NA we de-
fine the domain dom(N) as follows: dom(\) = {0k},
dom(A) for A € U as before, dom(L(Ny,...,Ny)) =
{(v1,...,v%) | v; € dom(N, )forz-l kY, i,
the set of all k-tuples (v1,...,v) with v; € dom(N )
for all i = 1,...,k, dom( {N}) = {{ e Unt |
v, € dom(N ) for i = 1,...,n}, ie,
finite sets with elements in dom(N ),
{{v1,..., ) | v; € dom(N) for i =1,.
set of all finite multisets with elements in dom(N),
and dom(L[N]) = {[v1,...,vs] | v; € dom(N) for i =

..,n}, i.e., the set of all finite lists with elements
in dom N). The empty set, multiset and list are de-
noted by 0, (), and [ |, respectively. The value ok
can be interpreted as the null value “some informa-
tion exists, but is currently omitted”.

Example 2.3. Consider the nested attribute
Lecture(Class, Lecturer, Time, Room,).
The 4-tuple
(Databases, H.Simpson, Ipm, 3.12)

is an element from the domain of this nested attribute.
More generally, the domain of a record-valued at-
tribute R(A1,..., Ag) with flat attributes Ay, ..., Ag
is the set of all k-tuples composed out of elements
from the corresponding domains dom(A;) of the flat
attributes A;. In other words, the record-valued at-
tribute R(A1,...,Ax) represents indeed a relation
schema. O

Example 2.4. The data element

(Homer,{(Chocolate,3%),(Chocolate,3$), (Beer,4$), (Beer,5%)),2%)
is from the domain of
Profile(Customer, Bag(Item(Article, Price)), Discount).
Moreover, the data element
(Homer,{(ok,ok), (ok,ok),(ok,ok),(ok,ok)),28).
is from the domain of
Profile(Customer, Bag{Item(X, X)), Discount). |

2.2 Subschemata

The replacement of some attribute names by the null
attribute A\ within a nested attribute decreases the
amount of information that is modelled by the cor-
responding schema. This fact allows to introduce an
order between database schemata.

The subattribute relation < on the set of nested at-
tributes AN'A over U and L is defined by the following
rules, and the following rules only: N < N, A < A
for all flat attributes A € U, A\ < N for all list-valued
attributes N, L(Ny, ..., Ng) < L(My, ..., M) when-
ever N; < M, for all i = 1,...,k, and L|N] < L[M]
whenever N < M. For N, M we say that M is a sub-
attribute of N if and only if M < N holds. We write
M £ N if M is not a subattribute of N, and M < N
in case M < N and M # N.

Lemma 2.1. The subattribute relation is a partial
order on nested attributes. B

The subattribute relationship between nested at-
tributes generalises the inclusion relationship between
sets of attributes in the relational data model.

Example 2.5. Consider again the record-valued at-
tribute

Lecture(Class, Lecturer, Time, Room,).

There is a bijection between attribute sets of the
relation schema LECTURE and the subattributes of
Lecture(Class, Lecturer, Time,Room). The empty at-
tribute set (), for instance, corresponds to the subat-
tribute

Lecture(AA,\\).

The attribute set { Lecturer,Room} is correspondent to
the subattribute

Lecture(\, Lecturer,\, Room,).

We have now seen in several examples that a relation
schema is a special case of a database schema repre-
sented by a nested attribute. In fact, such a relation
schema can be captured by a single application of the
record constructor to a finite set of flat attributes. [

Another example of a subattribute is given by
Profile(Customer, Bag(Item (A, \)), Discount)
which is a subattribute of
Profile(Customer, Bag(Item(Article, Price)), Discount).

Informally, M is a subattribute of N if and only if M
comprises at most as much information as N does.
The informal description of the subattribute relation
is formally documented by the existence of a pro-

jection function 73 : dom(N) — dom(M) in case
M < N holds. For M < N the projection function
7+ dom(N) — dom (M) is defined as follows:

e if N = M, then 7} = tdgom () 18 the identity

on dom(N),
e if M = ), then 7l : dom(N) — {ok} is the
constant function that maps v € dom(N) to ok,
o if N = L(Ny,...,Ny) and M = L(M, ..., M),
then =8, = W]]C[fl X X 71']\]\2’1 maps
the tuple (vi,...,vx) €  dom(N) to

(ﬂﬁll (v1)y. .. ,ﬂﬁ’; (vg)) € dom (M),

e if N = L{N'} and M = L{M'}, then 7} :
dom(N) — dom (M) maps the set {vy,...,v,} €
dom(N) to {zN\(v1),..., 7N (v,)} € dom(M).



oif N = L(N) and M = LM,
then i dom(N) — dom(M) maps
the multiset (vi,...,v,) € dom(N) to

(mhp (v1), - iy (va)) € dom (M), and

oif N = LIN'| and M = L[M], then =\
dom(N) — dom(M) maps the list [vy,...,v,] €
dom(N) to [N (v1), ..., 7N (v,)] € dom(M).

The projection function tells us precisely how to map
a database instance of some schema to an instance of
any of its subschemata.

Example 2.6. Consider the 4-tuple

= (Databases, H.Simpson, 1pm, 3.12)
from the domain of

N = Lecture(Class, Lecturer, Time, Room).

The projection ¥ (t) of t from N to the subattribute

X = Lecture(\, Lecturer, A, Room)
18
¥ (t) = (ok, H.Simpson, ok, 3.12). O
Example 2.7. The following data element t

(Homer,{(Chocolate,3$), (Chocolate, 38), (Beer,4$), (Beer, 58)),28)
from the domain of
N = Profile(Customer, Bag(Item(Article, Price)), Discount)
has projection

i (t) = (Homer,((ok,ok),(ok,ok),(ok,ok),(ok,ok)),2$).
where

X = Profile(Customer, Bag(Item(\, X)), Discount). O

2.3 Brouwerian algebra of Subattributes

The relational data model is based on the powerset
P(R) for a relation schema R. In fact, P(R) is a
powerset algebra with partial order C, set union U,
set intersection N and set difference —. We will now
extend these operations to nested attributes. The in-
clusion order C has already been generalised by the
subattribute relationship <. The set Sub(N) of sub-
attributes of N is Sub(N)={M | M < N}.

We study the algebraic structure of the poset
(Sub(N),<). A Brouwerian algebra (McKinsey &
Tarski 1946) is a lattice (L,C,U,M, =, 1) with top
element 1 and a binary operation — which satisfies
a=b C ciff a C bUec for all ¢ € L. In this case,
the operation — is called the pseudo-difference. The
Brouwerian complement —a of a € L is then defined
by —a = 1=a. A Brouwerian algebra is also called a
co-Heyting algebra or a dual Heyting algebra. The
system of all closed subsets of a topological space is
a well-known Brouwerian algebra, see (McKinsey &
Tarski 1946). The definition of the subattribute re-
lationship < completely determines the operations of
join, meet and pseudo-difference. The following the-
orem generalises the fact that (P(R),C,U,N, —, 0, R)
is a Boolean algebra for a relation schema R in the
RDM.

Theorem 2.1. (Sub(N),<,Un,Mn,—=n,N) forms a
Brouwerian algebra for every N € NA. R

The nested attribute N is the top element of
(Sub(N),<). The bottom element Ay of Sub(N)
is given by Ay = L(An,,...,An,) whenever N =
L(Ny,...,Nk), and Ay = A whenever N is not a
record-valued attribute.

In order to simplify notation, occurrences of A\ in
a record-valued attribute are usually omitted if this
does not cause any ambiguities. That is, the sub-
attribute L(My,..., M) < L(Ny,...,Ng) is abbre-
viated by L(Mi17 ceey M”> where {Mi17 ceey M”}
{MjiMj%)\Nj andlgjgk} andi1<~~~<il. If
Mj = A, forall j = 1,...,k, then we use A instead of
L(M, ..., My). The subattribute L(A, \) of L(A, A)
cannot be abbreviated by L(A) since this may also
refer to L(A, A).

Example 2.8. The nested attribute
Profile(Customer, Bag{Item(Article, X)), A)
s abbreviated by
Profile(Customer, Bag(Item(Article))).
The nested attribute
Profile(\, Bag{Item(\, \)), Discount)

s abbreviated by
Profile(Bag(\), Discount). O

If the context allows, we omit the index N from the
operations Ly, My, —xn and from Ay.

2.4 Order, Multiplicity and The Null At-
tribute

We give some more explanations on the null attribute
A. From an algebraic point of view it is simply the
bottom element N—=N of the Brouwerian algebra car-
ried by N. As already seen, replacing occurrences
of nested attributes by the null attribute according
to the rules of the subattribute relationship results
in a subattribute and therefore in a decrease of the
amount of information that can be modelled. The
null attribute therefore allows to obtain different lay-
ers of information generating ultimately the structure
of a Brouwerian algebra for a fixed database schema.
However, the null attribute also offers some in-
teresting features for database modelling, de-
pending on the presence of certain complex ob-
jects.  Consider for instance the nested attribute
Speak(Person, Foreign[Language]) which is used to
store the list of foreign languages a person speaks
(ordered according to some preference). Two ele-
ments from the corresponding domain could be (Bern-
hard,[Russian,English,French]) and (John,[]). The
projections of these elements on the subattribute
Speak(Person,Foreignf\]) are (Bernhard,[ok,ok,ok])
and (John,[]) still revealing that Bernhard speaks
3 foreign languages and John speaks none. Sup-
pose that instead of wusing the list-valued at-
tribute Foreign[Language] we used a set-valued at-
tribute Foreign{ Language}, i.e., we are only inter-
ested in the foreign languages a person speaks,
and not in any preferences for these languages.
The element (Bernhard,{Russian,English,French})
is mapped to (Bernhard,{ok}), and the element
(John,0) is mapped to itself. Therefore, the subat-
tribute Speak(Person,Foreign{\}) reveals whether a
person speaks a foreign language at all. The feature
of storing the same data repeatedly therefore enables
counting, i.e., is supported by lists and multisets, but
not by sets.

The second feature is the ability to model order which
is supported by lists, but not by sets nor multisets.



This property implies that the projections of any tu-
ple on two subattributes X and Y always determine
the projection of that tuple on the join X UY. In
case of set or multiset constructor this property is
not valid anymore. Consider for instance the set-
valued attribute Duo{Pair(Girl,Boy)} which repre-
sents sets of dancing couples. A tuple might be {(Don
Quixote, Theresa), (Sancho Pansa, Dulcinea)} and
the second tuple {(Don Quixote, Dulcinea), (San-
cho Pansa, Theresa)} results from switching part-
ners. Both tuples coincide in their projection on
Duo{Pair(\, Boy)} as they evaluate to {(ok, Don
Quixote), (ok, Sancho Pansa)}) and coincide in their
projection on Duo{ Pair(Girl,A)} as they evaluate to
{(Dulcinea, ok), (Theresa, ok)}, but they differ on
the join Duo{Pair(Girl,Boy)}.

2.5 Subattribute Basis

Let 7 be some collection of data constructors and
N an arbitrary nested attribute composed of data
constructors in 7 only. What is the minimal set
A7r(N) C Sub(N) such that every element t €
dom(N) is uniquely determined by its projections
{7V (@) | AeAr(N)}?

Consider the simplest of all cases where 7 consists
of the record constructor only. Suppose further that
nested attributes are generated from flat attributes by
a single application of the record constructor. That
is, N = L(A4,...,Ag) for flat attributes Aq,..., Ax.
This is just a different notation for the relation
schema R = {A4;,...,Ar}. Now, every tuple ¢ over
R (or t € dom(N), respectively) is completely deter-
mined by its projections {m Y (¢),..., 7} (£)}. Infact,
in order to store a tuple we store its values on the indi-
vidual attributes. From an algebraic point of view the
subattributes L(A1, A,...,A),..., L(A, ..., A\, Ag) are
the join-irreducible elements of (Sub( )s §, L, M, An).
Recall that an element a of a lattice with bottom el-
ement 0 is called join-irreducible if and only if a # 0
and if @ = b U ¢ holds for any elements b and c,
then a = b or a = ¢. The subattribute basis of N,
denoted by B(N), is the set of join-irreducible el-
ements of (Sub(N),<,U,M,An). Every element of
B(N) is called a basis attribute of N. A basis at-
tribute X € B(N) is called mazimal if and only if
X <Y for any basis attribute Y € B(N) implies that
X =Y holds. Basis attributes that are not maximal
are called non-mazimal.

Consider now the case where 7 consists of record and
list constructor, i.e., N may be generated from flat
attributes by finitely many recursive applications of
record and list constructor. One can show that for
any ti,to € dom(N) and for any X,Y € Sub(N)
with 78 (t1) = 7¥(t2) and 7Y (t1) = 7 (t2) also
¥y (t1) = 7%y (t2) holds. That is, the two pro-
jections of a tuple on two subattributes X and Y
uniquely determine the projection of that tuple on
the join X UY. This shows, in particular, that
A7 (N) is still the set of join-irreducible elements of
(Sub(N), <, Aw).

If we add set or multiset constructor to 7, then it
becomes insufficient to consider join-irreducible ele-
ments. In fact, there is some nested attribute NV
and distinct elements of dom(NN) which agree on
all projections to basis attributes of N. We have
already seen such a nested attribute N and two
such tuples, namely Duo{ Pair(Girl,Boy)} and Don
Quixote, Theresa), (Sancho Pansa, Dulcinea

well as {(Don Quixote, Dulcinea), (Sancho Pansa
Theresa)}. A further example is the nested attribute
Bag(Item(Article, Price)) and the two tuples

(Homer,((Chocolate,3$),(Chocolate,3$),(Beer,4%),(Beer,5$)),2$)

and
(Bart,{(Chocolate,4$),(Chocolate,5%),(Beer,3$),(Beer,3$)),0$).

In the presence of set and multiset constructor we
face the difficulty of characterising those pairs of sub-
attributes X and Y of N for which ¢1,t2 € dom(N)
exist such that 78 (t1) = 78 (t2), ¥ (t1) = 7 (t2)
and ¥ (t1) # 7%y (t2). In other words, what
subattributes of N (other than the basis attributes)
are necessary to uniquely determine every single tuple
over N7 What values need to be stored to identify
a tuple uniquely? The following definition is used to
answer these questions.

Definition 2.1. Let N € NA. The subattributes
X,Y € Sub(N) are reconcilable if and only if one of
the following conditions is satisfied 1) Y < X or X <
Y, 2) N = L(Ny,....No), X = L(X1,. ... Xp),Y =
L(Y1,...,Yy) where X; andY; are reconcilable for all
i=1,....k or 3 N = LIN'|,X = L[X"],Y = L[Y"]
where X' and Y’ are reconcilable. O

If N is Duo{Pair(Girl, Boy)}, and X and Y are
Duo{ Pair(Girl, A)} and Duo{Pair(\, Boy)}, respec-
tively, then X and Y are not reconcilable.

Theorem 2.2. Let N € NA. For all X,Y € Sub(N)
we have that X and Y are reconcilable if and only
if for all t,t' € dom(N) with 75 (t) = =¥ (t') and
A (t) =7 (t') also ¥y (t) = 7X (') holds. W

It still remains to clarify which projections are nec-
essary and sufficient to identify every tuple over a
nested attribute generated by finitely many applica-
tions of record, list, set and multiset constructor.

Definition 2.2. Let N € NA. The extended sub-
attribute basis E(N) C Sub(N) is the smallest set
with the properties that B(N) C E(N), and that
for all X,Y € E(N) which are not reconcilable also
X UY € E(N) holds.O

The extended subattribute basis is therefore the
smallest set that contains the subattribute basis and
that is closed under the join of subattributes that
are not reconcilable. In the absence of sets and
multisets we have E(N) = B(N) since every pair
of subattributes is reconcilable. If N is a set- or
multiset-valued attribute, then E(N) = Sub(N). If
T consists of records, lists, sets and multisets, then
A7 (N) = E(N). This seems now very natural: for

any two subattributes X,Y € E(N) for which the

two projections ¥ () and m¥ (¢) do not determine the

value of ¥ ,-(t), the subattributes X and Y cannot
b? rgconcilable7 and X UY is therefore included in
E(N).

There is a relatively simple way to reduce the notion
of reconcilability to the notion of comparability with
respect to <. The idea is to choose the units U of
N such that for all subattributes V,W € Sub(N) we
have that V' and W are reconcilable if and only if
VU and WNU are comparable with respect to < for
all units U of N. To spell this out, two subattributes
X,Y are comparable with respect to < if and only if
X <Y orY < X holds. This property is achieved
by the following definition.

Definition 2.3. Let N € NA. A nested attribute
U e NAis aunit of N if and only if 1) U € Sub(N),
and 2) VX, Y <U if X and Y are reconcilable, then
X <Y orY <X, and 3) U is <-mazimal with the
properties 1) and 2). The set of all units of N is
denoted by U(N). O

Example 2.9. The units of



Profile(Customer, Bag(Item(Article, Price)), Discount)

are

Uy = Profile(Customer),
Uy = Profile(Bag{Item(Article, Price))), and
Us = Profile(Discount).

The two subattributes Uy and Us are reconcilable. In
fact, for every U € {Uy,Us,Us} we have Uy MU <
UsMU or UsNU < UNU. Howewver, the subattributes

X = Profile(Bag(Item(Article)) ), and
Y = Profile(Bag(Item(Price)))

are not reconcilable. In fact, X = X MUy and Y =
Y MUy are incomparable with respect to <. O

2.6 Functional Dependencies

The following definition is a natural extension of the
definition of FDs from the relational data model.

Definition 2.4. Let N € N'A be a nested attribute.
A functional dependency on N is an expression of the
form X — Y where X, C Sub(N) are non-empty.
A set r C dom(N) satisfies the FD X — Y on N,
denoted by =, X — Y, if and only if for all t1,t € r
we have ¥ (t1) = 7l (t2) for all Y € Y whenever
¥ (t1) = m¥ (t2) holds for all X € X. O

In case a set of subattributes is the singleton {X} we
also write simply X instead of {X}. For X C Sub(N)
let 9(X) = max<{Y € E(N) | Y < X for some X €
X}, ie., 9(X) contains all the extended basis at-
tributes of N which are subattributes of some element
of X and which are <-maximal with this property. It
is not difficult to see that an instance r C dom(N) sat-
isfles X — Y if and only if r satisfies 3(X) — V).
Therefore we can assume without loss of generality
that every FD X — Y is of the form X = 9(X) and
y=o(y).

Example 2.10. Consider again the nested attribute
Profile(Customer, Bag(Item(Article, Price)), Discount).

Intuitively, the customers who bought the same bag
of items should receive the same discount. Formally,
this constraint can be specified as the functional de-
pendency

Profile(Bag{Item(Article, Price))) — Profile(Discount).
Note that this FD is completely different from the FD

{Profile(Bag(Item(Article))), Profile(Bag{Item(Price)))} —
Profile(Discount)

as demonstrated by the two tuples

t1=(Homer,{(Chocolate,3%),(Chocolate,3$), (Beer,4$), (Beer,58)),2$)

and

to =(Bart,((Chocolate,4$),(Chocolate,5$), (Beer,3$), (Beer,3%)),08).

In fact, {t1,t2} satisfy the first FD, but do not satisfy
the second FD. O

Let ¥ be a set of FDs, and o a single FD, all de-
fined on some nested attribute N. We say that X
(finitely) implies o, denoted by ¥ = o (2 |=gn o) if
and only if all (finite) » C dom(N) that satisfy all
FDs in ¥ also satisfy o. Furthermore, ¥ implies ¢ in
the world of two-element instances if and only if all
r = {t1,ta} C dom(N) that satisfy all dependencies
in ¥ also satisfy o. It is not difficult to see that finite
and unrestricted implication coincide for FDs. As it

will turn out in this paper, (finite) implication even
coincides with implication in the world of two-element
instances.

We will now describe the equivalence between the im-
plication of FDs and the logical implication of propo-
sitional Horn clauses. To do so we repeat some basic
notions regarding boolean propositional logic, and fix
some notation.

3 The Equivalence

A literal is either a propositional variable V' (a pos-
itive literal) or the negation =V of a propositional
variable V' (a negative literal). A Horn clause is a
non-empty disjunction of literals, with at most one
positive literal. The Horn clause =V; V- --V=V,, VW is
represented in implicational form as Vi A---AV,,, = W
where the empty conjunction is read as true. An im-
plicational statement V3 A--- AV, = Wi A--- AW,
with n > 1 and positive literals W1, ..., W, is equiv-
alent to the n Horn clauses

Vin---AVp =W, .., ViA-- AV, = W,
Fagin shows in (Fagin 1977) that the FD A; --- A,,, —
By --- B, is a consequence of a set ¥ of FDs on a
relation schema R if and only if the corresponding
Horn clauses

AN NAp = Bi,...,A1 N--- N A, = By,
are logically implied by the corresponding Horn
clauses of 3. The attributes of relation schema R
are therefore interpreted as propositional variables.
It is shown that the implication of FDs over arbitrary
relations is equivalent to the implication of FDs over
two-tuple relations. Given a two-tuple relation over
R, the truth value of a propositional variable A is as-
signed true if and only if those two tuples agree on
the attribute A.
We would like to generalise this result to FDs in
complex-value databases including records, lists, sets
and multisets. The presence of these data construc-
tors causes significant problems in generalising the
original proof. The first problem is to choose which
subattributes of the underlying nested attribute NV
are to be interpreted as propositional truth variables.
In general, the right choice is to interpret the elements
of A7 (N) as propositional variables. That is, the el-
ements of the extended subattribute basis £(N) do
both, generalise the result by Fagin, and do justice to
the presence of sets and multisets.
A second problem is caused by the subattribute re-
lationship <. While attributes in a relation schema
form an anti-chain with respect to inclusion, the ele-
ments of the extended subattribute basis are partially
ordered by <. If two tuples agree on some extended
basis attribute U and V' < U, then they will also agree
on V. As the structure of the database schema N is
fixed, this results in a fixed set of Horn clauses that
need to be satisfied independently from the given set
of constraints. That is, Horn clauses are not only used
to encode the dependencies, but also the structure of
the underlying database schema.
Given an arbitrary truth assignment to the propo-
sitional variables, do there always exist two tuples
which precisly agree on those extended basis at-
tributes that are assigned the truth value true? While
the answer is negative in general, it is actually suf-
ficient to look for an affirmative answer in the pres-
ence of those Horn clauses which encode the database
schema. It comes then down to showing that there
are in general two tuples which precisely agree on



the elements of a <-downward closed set of subat-
tributes which is closed under the join of reconcilable
attributes.

Before we describe the equivalence in general we will
illustrate the basic ideas on an example. It shows the
two different ways of reasoning which we will show to
be equivalent.

3.1 An Example
Consider the nested attribute

N =
Dance(Time,Partaker{Name},Duo{Pair(Girl,Boy)},Rating)

together with the following set ¥ of FDs

e Dance(Time) —
Dance(Partaker{Name},Duo{Pair(Girl,Boy) },Rating),

e Dance(Partaker{Name}) —
{Dance(Duo{Pair(Girl) }),Dance(Duo{Pair(Boy)})},

e {Dance(Duo{Pair(Girl

)}),Dance(Duo{Pair(Boy)})} —
Dance(Partaker{Name})

, and

e Dance(Duo{Pair(Girl,Boy)}) — Dance(Rating).

N models dancing classes in which partakers are
grouped into pairs of girls and boys. The first FD says
informally that the time of the course determines ev-
erything else, i.e., Dance(Time) is a key. The second
FD says informally that the set of participants deter-
mines the set of boys and the set of girls. Vice versa,
the third FD says informally that the set of girls and
the set of boys together determine the set of partic-
ipants. Finally, the last FD says informally that the
set of dancing combinations determines the rating.
That is, the rating for each class depends on the com-
bination of the dancing partners. Suppose we want to
decide if the single FD o = Dance(Partaker{Name})
— Dance(Rating) is a consequence of . The nested
two-tuple relation r consisting of

t1 = (29.2.1600,{Dulcinea, Theresa, Don Quixote, Sancho},

{(Dulcinea, Don Quixote),(Theresa, Sancho)},10) and
to = (1.3.1600,{Dulcinea, Theresa, Don Quixote, Sancho},
{(Dulcinea, Sancho),(Theresa, Don Quixote)},3)

satisfies all FDs in X, but violates 0. We have there-
fore found a counterexample relation r, and ¥ does
therefore not imply o. We consider the problem now
from a logical point of view. Therefore, the extended
basis attributes in £(IN) are mapped to propositional
variables as follows:

e Dance(Time) is Vi,

e Dance(Partaker{Name}) is V5,

e Dance(Partaker{\}) is V3,

e Dance(Duo{Pair(Girl,Boy)}) is Vj,
e Dance(Duo{Pair(Girl)}) is Vs,

e Dance(Duo{Pair(Boy)}) is Vs,

e Dance(Duo{A}) is V7, and
e Dance(Rating) is Vs.

The set IIy of Horn clauses that encodes the structure
of the database schema N is then given by

Vo= Vo, Vy= V5, Vu= V6, Vs = Vo, Vs = Vi

The set X of FDs has the following corresponding set
IT of Horn clauses

o V=V, Vi = Vy, VI = Vg,

o Vo= V5, Vo= V5,
o Vs AVs = Vs, and
o Vi=1T3

and o corresponds to the single Horn clause 7 = Vo =
Vs. The truth assignment 6 with 6(V;) = true iff
1 € {2,3,5,6,7} satisfies all clauses in II U Iy, but
violates . Therefore, 7 is not a logical consequence of
ITUIIy. Most importantly, note the correspondence
between the nested counterexample relation r and the
truth assignment . In fact, the tuples ¢; and t5 agree
exactly on their projections to those extended basis
attributes whose corresponding propositional variable
was assigned the truth value true by 6. This turns out
to be the decisive argument for showing the equiva-
lence.

3.2 The Result

Let ¢ : E(N) — V denote a bijection between the
extended basis attributes of the underlying database
schema N and the set V of propositional variables.
Consider the FD ¢ = X — Y on N where X =
{X1,...,X,}. Let (o) be the smallest set that con-
tains the Horn clauses ¢(X1) A -+ A p(X,,) = oY)
forall Y € Y. If ¥ is a set of FDs defined on N, let
IT = {®(0) | ¢ € X} denote the corresponding set of
Horn clauses over V. Furthermore, the set

Oy ={pU) = (V)| UV € EN),U covers’V'}

denotes those Horn clauses which encode the struc-
ture of N. For example, the FD

{Dance(Duo{Pair(Girl) }),Dance(Duo{Pair(Boy)})} —
Dance(Partaker{Name})

results in the Horn clause V5 AV = V5. The main re-
sult of this paper is the following extension of Fagin’s
Equivalence Theorem from (Fagin 1977).

Theorem 3.1. [Equivalence Theorem] Let N be a
nested attribute, ¥ a set of FDs and o a single FD
on N. Let Il denote the Horn clauses which encode
the structure of N, and Il denote the corresponding
set of Horn clauses for . Then

1) X implies o,

2) ¥ implies o in the world of two-tuple instances,
and

3) MUIly logically implies w for all m € ®(0)

are equivalent. M

3.3 An Outline of the Proof

We will use this subsection to outline the proof of
Theorem 3.1. The equivalence between 1) and 2) is
not difficult to see.

We will show the equivalence between 2) and 3). First
we show that 3) implies 2). Suppose that 2) does not
hold, i.e., ¥ does not imply ¢ = X — ) in the world
of two-tuple instances over V. That is, there are some
t1,t2 € dom(N) with =g, 4,y 7 for all 7 € ¥, but
- {t,.to) 0- Lemma 3.1 shows then that =, , . ITU
Iy, but g, ., 7 for some m € ®(0), i.e., 3) does
not hold neither. In particular, ):9“1@} Iy for the

following reason. Let V = W € Ily, i.e., V = p(X)
and W = p(Y) with X, Y € E(N) and Y < X. If

9{151,152}(‘/) = true, then 7T%(t1> = ﬂ_g(t2> and thus

2U covers V iff U < V and for all W € E(N) withU < W <V
we have U = W or V. = W, this is just the standard definition of
a cover relation for posets, see (Anderson 1987)



7 (t1) = 7 (t2) since Y < X. This, however, means
that 0, +,) (W) = true holds as well, and therefore
Fog, .,y V = W. To complete the proof for this
direction it remains to show the following lemma.

Lemma 3.1. Let o be an F'D on the nested attribute
N, and r = {t1,ta} C dom(N). Then =, o if and
only if =g, m for all m € ®(0), where

true, Zfﬂ‘ (1) = 7TN (t2)
= ) HV)
0-(V) { false, else

for all V € p(E(N)). B

In order to complete the proof of Theorem 3.1 it re-
mains to show that 2) implies 3). Suppose that 3)
does not hold. We will show that 2) does not hold
neither. Since 3) does not hold, there is some truth
assignment # which makes every formula in ITU Iy
true, but makes some m € ®(o) false. It is now suf-
ficient to find some r = {t1,t2} C dom(N) such that
6 = 0,.. In this case, Lemma 3.1 shows that =, 7 for
all 7 € ¥ and 4, o, i.e., 2) does not hold.

Let U(N) = {Uy,...,Us}, and XJ; ={X € &(N) |
X <U; and 0(p(X)) = true} U{An}. Note that Xy,
is closed downwards with respect to § since 6 satis-
fies Ty. Moreover, let Xt ={X;U---U X, | X; €

X+ forl <i < k} In this case, X' is non-empty,
closed downwards with respect to <, and closed un-
der the join of reconcilable elements XT is non-
empty since Ay € X[}: for i = 1,...,k. It is closed
downwards with respect to < since every XJi has the

same property. In order to see that Xt is closed
under the join of reconcilable elements suppose that
X=XiU- UXpX =X{U---UX] € X" are
reconcilable. Since X NU; = X; and X' NU; = X!
for i = 1,...,k it must be the case that X; and X/
are comparable with respect to < for alli=1,...,k.
This, however, means that X LUX’" € XT by definition
of XT. The following lemma then shows the existence
of two tuples t1,t2 € dom(N) with the property that
for all X € Sub(N) we have 7% (t1) = 7§ (t2) if and
only if X € X% holds. Since for all X € £(N) we
have that 0(p(X)) = true if and only if X € XT
if and only if 7% (t1) = 7¥ (t2) holds, it follows that
0 = 014, t,3- This concludes the proof of Theorem 3.1.

Lemma 3.2. Let N € NA, and 0 # X C Sub(N)
an ideal with respect to < with the property that for
reconcilable X, Y € X also X UY € X holds. Then
there are ty,ty € dom(N) such that for all W €
Sub(N) we have mf(tn) = 7w (ty) if and only if
WeXx. m

The detailed (and challenging) proof of Lemma 3.2
was previously published (Hartmann et al. 2006).

4 First-Literal Unit Resolution

The Equivalence Theorem 3.1 states that the FD o
is a consequence of the set ¥ of FDs on the under-
lying database schema N if and only if each of the
corresponding Horn clauses in ®(o) is a logical conse-
quence of I[TUIIy. The last problem, however, can be
easily converted into the well-studied problem of sat-
isfiability of propositional Horn clauses (Horn 1951,
Henschen & Wos 1974, Dowling & Gallier 1984). A
fast algorithm for the Horn clause satisfiability prob-
lem is the “first-literal unit resolution procedure” due
to Chang (Chang 1976, Chang & Lee 1987). Using the
Equivalence Theorem, we exploit Chang’s algorithm

to obtain an efficient algorithm that solves the impli-
cation problem for FDs in complex-value databases.
In the first step of the algorithm, we form a set S of
strings of symbols. Each string consists of extended
basis attributes, negation signs (~) and commas (,).
For each FD
{Xq,...,

Xob = {Vi, ... Vi)

in ¥ we include in S the m strings

NXl)”' )NX’H,)YI

S5 CIRTTINND o
The string ~ Xy, --
Horn clause

“p(X1) V- V(X)) V(Y.

Furthermore, consider each pair U,V € &£(N) with
V < U such that for all W € E(N) with V <W < U
we have V. =W or U = W. For each of these pairs
U,V we include in S the string ~ U, V. Let o be the
FD X — ) where X = {X;,...,X,}. For conve-
nience, we assume that ) is a singleton. Otherwise,
the entire algorithm is repeated for every element of
Y. Anyway, for Y = {Y'} we include in S the (n + 1)
strings

,~ X,,Y; corresponds to the

X1

X,
~Y

which correspond to the negation of the Horn clause
—p(X1) VeV (X)) Vp(Y).

As a simple example consider the nested attribute

N =
Dance(Time,Partaker{Name},Duo{Pair(Girl,Boy) },Rating)

and let ¥ and o be as in Subsection 3.1. In this case,
S contains the 14 strings:

~ Dance(Time), Dance(Partaker{Name})

~ Dance(Time), Dance(Duo{Pair(Girl,Boy)})

~ Dance(Time), Dance(Rating)

~ Dance(Partaker{Name}), Dance(Duo{Pair(Girl)})

~ Dance(Partaker{Name}), Dance(Duo{Pair(Boy)})

~ Dance(Duo{Pair(Girl)}), ~ Dance(Duo{Pair(Boy)}),
Dance(Partaker{Name})

~ Dance(Duo{Pair(Girl,Boy)}), Dance(Rating)

~ Dance(Partaker{Name}), Dance(Partaker{\})

~ Dance(Duo{Pair(Girl,Boy)}), Dance(Duo{Pair(Girl)})

~ Dance(Duo{Pair(Girl,Boy)}), Dance(Duo{Pair(Boy)})

~ Dance(Duo{Pair(Girl)}), Dance(Duo{\})

~ Dance(Duo{Pair(Boy)}), Dance(Duo{\})

Dance(Partaker{Name})

~ Dance(Rating)

We call each attribute in £(N) an “atom” and the
concatenation of a negation sign with such an atom a
“negative atom”. The algorithm proceeds by search-
ing for an atom X such that (a) X is a string in S, and
(b) There is a string in S that begins with ~ X. In
our example the atom Dance(Partaker{ Name}) sat-
isfies both (a) and (b). If there are several atoms X
that satisfy (a) and (b), the algorithm would now ar-
bitrarily select one of them. In the next step of the
algorithm, each string that begins with ~ X is short-
ened by erasing the leading negation sign, the X, and
the comma that follows X (if there is such a comma).



~ Dance(Time), Dance(Partaker{Name})

~ Dance(Time), Dance(Duo{Pair(Girl,Boy)})

~ Dance(Time), Dance(Rating)

Dance(Duo{Pair(Girl)})

Dance(Duo{Pair(Boy)})

~ Dance(Duo{Pair(Girl)}), ~ Dance(Duo{Pair(Boy)}),
Dance(Partaker{Name})

~ Dance(Duo{Pair(Girl,Boy)}), Dance(Rating)

Dance(Partaker{\}

~ Dance(Duo{Pair(Girl,Boy)}), Dance(Duo{Pair(Girl)})

~ Dance(Duo{Pair(Girl,Boy)}), Dance(Duo{Pair(Boy)})

~ Dance(Duo{Pair(Girl)}), Dance(Duo{\})

~ Dance(Duo{Pair(Boy)}), Dance(Duo{\})

Dance(Partaker{Name})

~ Dance(Rating)

NS

Then we repeat the procedure by again searching for
an atom X that satisfies both (a) and (b). After
selecting Dance(Duo{ Pair(Girl)} ) we obtain

~ Dance(Time), Dance(Partaker{Name})

~ Dance(Time), Dance(Duo{Pair(Girl,Boy)})

~ Dance(Time), Dance(Rating)
Dance(Duo{Pair(Girl)})

Dance(Duo{Pair(Boy)})

~ Dance(Duo{Pair(Boy)}), Dance(Partaker{Name})
~ Dance(Duo{Pair(Girl,Boy)}), Dance(Rating)
Dance(Partaker{\}
~ Dance(Duo{Pair
~ Dance(Duo{Pair
Dance(Duo{A})

~ Dance(Duo{Pair(Boy)}), Dance(Duo{\})
Dance(Partaker{Name})

~ Dance(Rating)

Girl,Boy)}), Dance(Duo{Pair(Girl)})
Girl,Boy)}), Dance(Duo{Pair(Boy)})

~

and by selecting Dance(Duo{ Pair(Boy)}) we get

~ Dance(Time), Dance(Partaker{Name})
~ Dance(Time), Dance(Duo{Pair(Girl,Boy)})
~ Dance(Time), Dance(Rating)
Dance(Duo{Pair(Girl)})

Dance(Duo{Pair(Boy)})

Dance(Partaker{Name})

~ Dance(Duo{Pair(Girl,Boy)}), Dance(Rating)
Dance(Partaker{\})

~ Dance(Duo{Pair(Girl,Boy)}), Dance(Duo{Pair(Girl)})
~ Dance(Duo{Pair(Girl,Boy)}), Dance(Duo{Pair(Boy)})
Dance(Duo{\})

Dance(Duo{A})

Dance(Partaker{Name})

~ Dance(Rating)

The entire algorithm halts either when
1) the empty string € is generated, or when

2) there is no atom X that satisifies both (a) and

(b).

If 1) occurs first, that is, the empty string € is gen-
erated, then o is a consequence of X. If 2) occurs
first, then o is not a consequence of ¥. The algo-
rithm always terminates, and gives a correct answer
by Chang’s theorem on Horn clauses and our Equiv-
alence Theorem.

In our example the algorithm terminates since no fur-
ther atom satisfying both (a) and (b) can be found.
Therefore, o is not a consequence of X.

5 Reusing Relational Design Tools

A direct consequence of Fagin’s Equivalence Theo-
rem and Equivalence Theorem 3.1 is that relational
database design tools can be applied to solve design
problems in complex-value databases. Extended basis
attributes of the nested attribute N are interpreted
as flat attributes forming the corresponding relation
schema, i.e., Ry =&(N). EachFDo=X -Y in &
becomes the relational FD o’ = 9(X) — 9(Y). Given

3 on the nested attribute N, the corresponding set of
relational FDs is

¥ = {o'|oceX}u

{U—-V|UV e€&(N),U covers V'}

Corollary 5.1. Let ¥ be a set of FDs and o be a
single FD, all defined on the nested attribute N. Then
o 1s implied by X if and only if o’ is implied by X' on
Ry. O

As a simple example consider again the nested at-
tribute

N =
Dance(Time,Partaker{Name},Duo{Pair(Girl,Boy)},Rating).

The extended basis attributes are mapped to flat at-
tribute names as follows:

e Dance(Time) is A,
Dance(Partaker{Name}) is B,

e Dance(Partaker{\}) is C,
(Duo{Pair(Girl,Boy)}) is D,
(Duo{Pair(Girl)}) is E,
(
(

Dance
e Dance(Duo{Pair(Boy)}) is F,
Dance(Duo{\}) is G, and

e Dance(Rating) is H.

The corresponding relation schema is therefore Ry =
{A,B,C,D,E,F,G,H}. The FDs in X from Subsec-
tion 3.1 are encoded as

A— BDH,B— EF,EF — B,D —- G

and the structure of N is encoded by the following
FDs:

B—-CD—FED—-FFEF—-GF-—-G

Suppose we want to decide if o from Subsection 3.1 is
a consequence of 3. Then this is equivalent to decid-
ing whether B — H is a logical consequences of ¥/, In
order to decide the last problem, we may apply well-
known techniques for relational databases (Beeri &
Bernstein 1979) to compute the closure BT = CEFG
of B with respect to X'. Since H ¢ BT the answer
to the last problem is no. The Equivalence theorem
tells us therefore that ¢ is not a consequence of 3. It
is future work to exploit the reuse of relational tools
further.

6 Conclusion and Future Work

We have extended Fagin’s well-known equivalence be-
tween implications of functional dependencies in re-
lational databases and implications of propositional
Horn clauses to functional dependencies in databases
that support arbitrary finite nesting using data con-
structors for records, lists, sets and multisets. Our
framework is not based on any specific data model,
and the result may therefore lead to a better under-
standing of complex values in general. The work in
(Hartmann et al. 2006) shows that the expressive-
ness of our functional dependencies is complementary
to those investigated in many advanced data mod-
els. The extension of the equivalence result follows
from a deep case-by-case analysis of the data con-
structors and the algebraic properties of the database
schemata. The results of this article provide two new



ways to look at the implication of functional depen-
dencies in complex-value databases: as the logical im-
plication of a corresponding set of Horn clauses, and
as the logical implication of a corresponding set of
functional dependencies in relational databases. It
is therefore possible to utilise already existing tools
from these areas for solving database design problems
in the presence of several data constructors.

For the near future we would like to extend the equiv-
alence to multivalued dependencies in the presence of
records and lists. It will be challenging to investigate
multivalued dependencies in the presence of sets, or
to extend results to include (disjoint) unions. There
is an alternative proof for the original equivalence re-
sult for relational FDs (Fagin 1977). That proof is
syntactical in the sense that it takes advantage of the
fact that the (finite) implication of FDs can be char-
acterised by a finite, sound and complete set of syn-
tactic inference rules (Armstrong 1974). Such sets of
inference rules have also been proposed for the set-
ting of the present paper (Hartmann et al. 2006). A
generalisation of these syntactical proofs seems also
desirable.
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