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Abstract Full hierarchical dependencies (FHDs) constitute a large class of relational
dependencies. A relation exhibits an FHD precisely when it is the natural join over
at least two of its projections that all share the same join attributes. Therefore,
FHDs generalise multivalued dependencies (MVDs) in which case the number of
these projections is precisely two. The implication of FHDs has originally been
defined in the context of some fixed finite universe. This paper identifies a sound
and complete set of inference rules for the implication of FHDs. This axiomatisation
is very reminiscent of that for MVDs. Then, an alternative notion of FHD implication
is introduced in which the underlying set of attributes is left undetermined. The first
main result establishes a finite axiomatisation for FHD implication in undetermined
universes. It is then formally clarified that the complementation rule is only a mere
means for database normalisation. In fact, the second main result establishes a finite
axiomatisation for FHD implication in fixed universes which allows to infer FHDs
either without using the complementation rule at all or only in the very last step of the
inference. This also characterises the expressiveness of an incomplete set of inference
rules in fixed universes. The results extend previous work on MVDs by Biskup.
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1 Introduction

Relational databases still form the core of most database management systems,
even after more than three decades following their introduction in Codd [13]. The
relational model organises data into a collection of relations. These structures permit
the storage of inconsistent data, inconsistent in a semantic sense. Since this is not
acceptable additional assertions, called dependencies, are formulated that every
database is compelled to obey. There are many different classes of dependencies
which can be utilised for improving the representation of the target database
[17, 32, 35].

Multivalued dependencies (MVDs) [16, 40] are an important class of depen-
dencies. A relation exhibits an MVD precisely when it is the natural join over
exactly two of its projections that both share the same join attributes [16]. This
property is fundamental to relational database design, in particular 4NF [16], and a
lot of research has been devoted to studying the behaviour of these dependencies.
Recently, extensions of MVDs have been found very useful for various design
problems in advanced data models such as the nested relational data model [18],
the Entity-Relationship model [33], data models that support nested lists [21, 23] and
XML [36, 37].

Full hierarchical dependencies (FHDs), called full first-order hierarchical decom-
positions in [15], constitute a large class of relational dependencies that subsume
MVDs. A relation exhibits an FHD precisely when it is the natural join over at
least two of its projections that all share the same join attributes. The classical
notion of an FHD [15] is dependent on the underlying universe R. For MVDs
[16] their dependence on the relation schema R is syntactically reflected by the
R-complementation rule which is part of the axiomatisation of MVDs [6]. The R-
complementation rule is special in the sense that it is the only inference rule in this
axiomatisation which is dependent on R. Further research on this fact has led to an
alternative notion of semantic implication in which the underlying universe is left
undetermined [10]. In the same paper Biskup shows that this notion can be captured
syntactically by a sound and complete set of inference rules, denoted by S0. If SC

results from adding the R-complementation rule to S0, then SC is R-sound and R-
complete for the R-implication of MVDs for all relation schemata R. In fact, every
inference of an MVD by SC can be turned into an inference of the same MVD in
which the R-complementation rule is applied at most once, and if it is applied, then
in the last step of the inference (SC is said to be R-complementary). This indicates
that the R-complementation rule simply reflects a part of the decomposition process,
and does not necessarily infer semantically meaningful consequences.

Interestingly, research has not been continued in this direction but focused on
the original notion of R-implication. Since research on dependencies seems to
experience a recent revival in the context of other data models [18, 21, 26, 34, 36, 37]
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it seems desirable to further extend the knowledge on relational dependencies.
An advancement of such knowledge may simplify the quest of finding suitable
and comprehensible extensions of relational dependencies to currently popular
data models.

1.1 Contributions

In this paper we will extend the work by Biskup [10] from MVDs to FHDs. First, we
propose a minimal complete set of sound inference rules for the implication of FHDs
in fixed universes. Almost all inference rules are extensions of familiar rules from the
axiomatisation of MVDs [6]. In particular, the dependence of FHDs on the underly-
ing set R of attributes is syntactically reflected by the R-complementation rule.

Example 1.1 Suppose we design a database for a DVD collection. So far, we have
decided to use attributes Title, Actor, Feature and Language. We would like to model
that the title of a DVD determines the set of actors independently from the rest
of the information in any schema, and that the title of a DVD also determines the
set of DVD features independently from the rest of the information in any schema.
In order to enforce such a set-valued correspondence between DVD titles and the
actors staring in the movie with that title (and the features available on the DVD
with that title, respectively) we decide to specify the FHD

Title : {{Actor}, {Feature}}.

Table 1 shows an example of an R-relation that satisfies this FHD and where the
underlying relation schema R consists of the four attributes above. Note that the
FHD is equivalent to the two MVDs

Title � Actor and Title � Feature.

If R is fixed as above, then we may infer the FHDs

Title : {{Actor}, {Language}} and Title : {{Feature}, {Language}}

Table 1 A relation
satisfying the FHD
Title:{{Actor},{Feature}}
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since {Language} is the R-complement of {Title, Actor, Feature}. However, if we add
a further attribute such as Production_Year to R, then neither

Title:{{Actor},{Language}} nor Title:{{Feature},{Language}}

are R-implied by Title : {{Actor}, {Feature}}. In sharp contrast to the latter FHD the
other two FHDs do not necessarily correspond to any semantic information, but
simply result from the context in which Title, Actor, and Feature are considered. If
this context is altered, then the respective FHDs disappear.

Example 1.1 suggests that the complementation rule is a mere means of database
normalisation and does not always result in the inference of necessarily meaningful
consequences. An axiomatisation for the R-implication of FHDs should therefore
be complementary. The second contribution is the proposal of such a minimal
axiomatisation for FHDs in fixed universes, i.e., no proper subset of inference rules
is still both complete and complementary. Moreover, we investigate the impact of
replacing the R-complementation rule by the so-called R-axiom. This clarifies the
role of the R-complementation rule for FHDs further and extends previous work on
MVDs [9].

One may argue that consequences that depend on the underlying universe are no
consequences at all. This, however, implies that the notion of R-implication is not
acceptable. Thus, we extend the alternative notion of implication from MVDs [10] to
FHDs. This notion leaves the underlying set of attributes undetermined. The third
contribution is the identification of a minimal complete set of sound inference rules
for the implication of FHDs in undetermined universes. For instance, in Example 1.1
both FHDs

Title : {{Actor}, {Language}} and Title : {{Feature}, {Language}}
are R-implied by

Title : {{Actor}, {Feature}},
where R={Title,Actor,Feature,Language}, but none of the two FHDs is implied.

1.2 Previous work

The first axiomatisation for the R-implication of MVDs was given in Beeri et al. [6].
The notion of implication in undetermined universes is from Biskup [10] in which
an axiomatisation for this notion of MVD implication is given. Minimality of MVD
axiomatisations are discussed in Biskup [9] and Mendelzon [28] in which Biskup
[9] also introduces the R-axiom as a very weak form of the R-complementation
rule. Recently, more minimal axiomatisations for both complete and complementary
axiomatisations for the R-implication of MVDs, and complete axiomatisations for
MVD implication in undetermined universes were studied [22, 26]. MVDs have also
been studied in the presence of the null value no information. In that case, Lien
[25] was the first to propose an axiomatisation in fixed universes, and Link [27]
proposes a complementary axiomatisation in fixed universes, and an axiomatisation
in undetermined universes. In other data models MVDs have also been investigated
in the context of fixed universes. These data formats include Entity-Relationship
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models [34], nested data models [23], fuzzy data models [29, 30] and XML [36, 37].
FHDs were introduced in [15]. An axiomatisation for the implication in fixed
universes can be found in Thalheim [32, 33].

1.3 Organisation

The article is structured as follows. In Section 2 we will start with a brief summary
of notions from the relational model of data. In particular, we repeat the notion of
implication in fixed universes and summarise the axiomatisation for the implication
of MVDs. Subsequently, we introduce FHDs as a generalisation of MVDs, and prove
the completeness and minimality of a set of sound inference rules for the implication
of FHDs in fixed universes. Section 3 examines the property of complementarity
for FHDs. It turns out that an extension of the subset rule from MVDs to FHDs
plays a key role in achieving complementarity. Section 4 discusses the implication of
FHDs in undetermined universes. Minimality of the axiomatisations for fixed and
undetermined universes are studied in Section 5. Finally, we briefly comment on
possible future work in Section 6.

2 Dependencies in fixed universes

Let A = {A1, A2, . . .} be a (countably) infinite set of symbols, called attributes. A
relation schema is a finite set R = {A1, . . . , An} of distinct attributes from A, which
represent column names of a relation. Each attribute Ai of a relation schema is
associated an infinite domain dom(Ai) which represents the set of possible values
that can occur in the column named Ai. If X and Y are sets of attributes, then we
may write XY for X ∪ Y. If X = {A1, . . . , Am}, then we may write A1 · · · Am for X.
In particular, we may write simply A to represent the singleton {A}. A tuple over
R = {A1, . . . , An} (R-tuple or simply tuple, if R is understood) is a function t : R →
n⋃

i=1
dom(Ai) with t(Ai) ∈ dom(Ai) for i = 1, . . . , n. For X ⊆ R let t[X] denote the

restriction of the tuple t over R on X, and dom(X) = ∏
A∈X dom(A) the Cartesian

product of the domains of attributes in X. A relation r over R is a finite set of tuples
over R. The relation schema R is also called the domain Dom(r) of the relation r over
R. Let r[X] = {t[X] | t ∈ r} denote the projection of the relation r over R on X ⊆ R.
For X, Y ⊆ R, finite r1 ⊆ dom(X) and r2 ⊆ dom(Y) let r1 �� r2 = {t ∈ dom(XY) |
∃t1 ∈ r1, t2 ∈ r2 with t[X] = t1[X] and t[Y] = t2[Y]} denote the natural join of r1 and
r2. Note that the 0-ary relation {()} is the projection r[∅] of r on ∅ as well as left and
right identity of the natural join operator.

Functional dependencies (FDs) between sets of attributes have played a central
role in the study of relational databases [5, 7, 8, 12–14], and seem to be central for
the study of database design in other data models as well [1, 20, 24, 26, 31, 38, 39].
The notion of a FD is well-understood and the semantic interaction between these
dependencies has been syntactically captured by Armstrong’s well-known axioms
[2, 3]. A FD [14] on the relation schema R is an expression X → Y where X, Y ⊆ R.
A relation r over R satisfies the FD X → Y, denoted by |=r X → Y, if and only if
every pair of tuples in r that agrees on each of the attributes in X also agrees on
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the attributes in Y. That is, |=r X → Y if and only if t1[Y] = t2[Y] whenever t1[X] =
t2[X] holds for any t1, t2 ∈ r.

FDs are incapable of modelling many important properties that database users
have in mind. MVDs provide a more general notion and offer a response to the
shortcomings of FDs. A MVD [16, 40] on R is an expression X �Y where X, Y ⊆ R.
A relation r over R satisfies the MVD X � Y, denoted by |=r X � Y, if and only
if for all t1, t2 ∈ r with t1[X] = t2[X] there is some t ∈ r with t[XY] = t1[XY] and
t[X(R − XY)] = t2[X(R − XY)]. Informally, the relation r satisfies X � Y when
the value on X determines the set of values on Y independently from the set of
values on R − XY. This actually suggests that the relation schema R is overloaded in
the sense that it carries two independent facts XY and X(R − XY). More precisely,
it is shown in [16] that MVDs “provide a necessary and sufficient condition for a
relation to be decomposable into two of its projections without loss of information
(in the sense that the original relation is guaranteed to be the join of the two
projections)”. This means that |=r X � Y if and only if r = r[XY] �� r[X(R − XY)].
This characteristic of MVDs is fundamental to relational database design and 4NF
[16]. A lot of research has therefore been devoted to studying the behaviour of these
dependencies.

FHDs generalise MVDs [15].

Definition 2.1 A FHD on a relation schema R is an expression X : S where X ⊆ R
and S is a non-empty set of pairwise disjoint subsets of R that are also disjoint
from X, i.e., S 
= ∅, for all Y ∈ S we have Y ⊆ R and for all Y, Z ∈ S ∪ {X} we
have Y ∩ Z = ∅. An R-relation r ⊆ dom(R) is said to satisfy (or said to be a model
of) the FHD X : {Y1, . . . , Yk} on R, denoted by |=r X : {Y1, . . . , Yk}, if and only
if for all t1, . . . , tk+1 ∈ r the following condition is satisfied: if ti[X] = t j[X] for all
1 ≤ i, j ≤ k + 1, then there is some t ∈ r such that t[XYi] = ti[XYi] for i = 1, . . . , k
and t [X(R − XY1 · · · Yk)] = tk+1[X(R − XY1 · · · Yk)].

Notice that Definition 2.1 reduces to the definition of MVDs in case that k = 1.
Note that our definition of FHDs is slightly different from what Delobel originally
introduced as full first-order hierarchical decompositions [15]. In fact, a full first-
order hierarchical decomposition over the relation schema R is defined as an
expression

X : Y1 | · · · | Yk

such that X, Y1, . . . , Yk form a partition of R. Our definition is different in two
aspects. Firstly, X, Y1, . . . , Yk, R − XY1 · · · Yk form a partition of R in our definition.
In this sense, our FHDs are implicitly full. In particular, notice the equivalence
between the full first-order hierarchical decomposition X : Y | R − XY, the FHD
X : {Y} and the MVD X � Y. Secondly, the right-hand side of an FHD is a set
system {Y1, . . . , Yk} over R in our definition, i.e., there is no sequence of attribute sets
Y1,. . . ,Yk that indicates the order in which R is successively decomposed, as there is in
[15]. These two differences result in a simpler axiomatisation and the correspondence
to the original definition of MVDs is much stronger [16]. The following result is a
straightforward generalisation from the MVD case [16]. We omit the proof.
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Theorem 2.1 Let X, Y1, . . . , Yk ⊆ R be pairwise disjoint and k ≥ 1. An R-relation r
satisfies the FHD X : {Y1, . . . , Yk} on R if and only if r = r[XY1] �� · · · �� r[XYk] ��
r [X(R − XY1 · · · Yk)].

Example 2.1 Consider again the relation schema R from Example 1.1 comprising
the four attributes Title, Actor, Feature and Language. Recall the R-relation r from
Table 1 satisfying the FHD

Title : {{Actor}, {Feature}}.

Table 2 shows the projections of r on {Title,Actor}, {Title,Feature} and {Title,
Language}, respectively. Indeed, r is the natural join of its projections on these three
attribute sets.

The next result shows essentially that FHDs summarise MVDs with the same left-
hand side [15]. Since we represent FHDs differently from their original definition
[15] and since we will make extensive use of this result we include a proof.

Theorem 2.2 Let X, Y1, . . . , Yk ⊆ R be pairwise disjoint and k ≥ 1. An R-relation r
satisfies the FHD X : {Y1, . . . , Yk} on R if and only if for all l = 1, . . . , k, r satisfies the
MVD X � Yl on R.

Proof Let r satisfy the FHD X : {Y1, . . . , Yk} on R. We show that r also satisfies
X � Yl for all l = 1, . . . , k. Let l0 be arbitrary with 1 ≤ l0 ≤ k, and let t1, t2 ∈ r such
that t1[X] = t2[X] holds. For j = 1, . . . , k + 1 let

t′j :=
{

t1 , if j = l0

t2 otherwise
.

Table 2 Some projections of the relation from Table 1
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Then t′i[X] = t′j[X] for all 1 ≤ i ≤ j ≤ k + 1. Since r satisfies X : {Y1, . . . , Yk}
there is some t ∈ r such that t[XY j] = t′j[XY j] holds for j = 1, . . . , k, and
t[X(R − XY1 · · · Yk)] = tk+1[X(R − XY1 · · · Yk)]. According to the definition of
t′j we have t[XYl0 ] = t′l0

[XYl0 ] = t1[XYl0 ] and t[X(R − XYl0)] = t2[X(R − XYl0)].
Therefore, r also satisfies X � Yl0 .

Let r satisfy the MVD X � Yl on R, for l = 1, . . . , k. We show that r also satisfies
the FHD X : {Y1, . . . , Yk}. Therefore, let t1, . . . , tk+1 ∈ r such that ti[X] = t j[X] holds
for 1 ≤ i, j ≤ k. Since t1[X] = t2[X] holds and r satisfies X � Y1 there is some
t′1 ∈ r such that t′1[XY1] = t1[XY1] and t′1[X(R − XY1)] = t2[X(R − XY1)]. Since
t′1[X] = t3[X] holds and r satisfies X � Y1Y2 (by the soundness of the union rule
for MVDs) there is some t′2 ∈ r such that t′2[XY1Y2] = t′1[XY1Y2] and t′2[X(R −
XY1Y2)] = t3[X(R − XY1Y2)]. Continuing this we know that t′k−1[X] = tk+1[X]
holds. Since r satisfies X � Y1 · · · Yk there is some t′k ∈ r such that t′k[XY1 · · · Yk] =
t′k−1[XY1 · · · Yk] and t′k[X(R − XY1 · · · Yk)] = tk+1[X(R − XY1 · · · Yk)]. Let t := t′k.
Then, t[XYl] = tl[XYl] for all l = 1, . . . , k and t[X(R − XY1 · · · Yk)] = tk+1[X(R −
XY1 · · · Yk)]. Consequently, r also satisfies the FHD X : {Y1, . . . , Yk}. ��

Notice that hierarchical dependencies permit a stepwise decomposition of the
underlying relation schema by splitting one current component into two components.
This feature distinguishes hierarchical dependencies from general join dependencies
which do not have this property [32].

Example 2.2 Suppose we have the DVD schema

R = {Title, Actor, Feature, Language}
together with the FHD Title : {{Actor}, {Feature}}. In a first step we may decompose
R into

{Title, Actor} and {Title, Feature, Language}

based on the set-valued correspondence between actors and DVD titles. The cor-
responding projections of the relation r in Table 1 can be seen in Table 2. In a
second step we may decompose {Title,Feature,Language} into {Title,Feature} and
{Title,Language}.

Alternatively, one may first choose to decompose R into

{Title, Feature} and {Title, Actor, Language}

based on the set-valued correspondence between features and DVD titles.
One can verify that r satisfies the MVDs Title � Actor and Title � Feature.

For the design of a relational database schema dependencies are normally spec-
ified as semantic constraints on the relations which are intended to be instances
of the schema. During the design process one usually needs to determine further
dependencies which are logically implied by the given ones. In order to emphasise
the dependence of implication from the underlying relation schema R we refer to
R-implication.
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Definition 2.2 Let � = {X1 : {Y1
1 , . . . , Y1

l1
}, . . . , Xn : {Yn

1 , . . . , Yn
ln
}} and X : {Y1, . . . ,

Yk} be FHDs on the relation schema R, in particular

X ∪
k⋃

i=1

Yi ∪
n⋃

j=1

⎛

⎝X j ∪
l j⋃

s=1

Y j
s

⎞

⎠ ⊆ R.

Then � R-implies X : {Y1, . . . , Yk} if and only if each relation r over R that satisfies
all FHDs in � also satisfies X : {Y1, . . . , Yk}.

Notice that Definition 2.2 covers MVDs in case that l j = 1 for j = 1, . . . , n and
k = 1 [10]. In order to determine the logical consequences of a set of MVDs with
respect to R-implication one can use the following set of inference rules [6]. These
inference rules have the form

premise

conclusion

and inference rules without a premise are called axioms. Note that we use the natural
complementation rule [9] instead of the complementation rule that was originally
proposed [6].

X � Y
Y ⊆ X

X � Y

XU � YV
V ⊆ U

(reflexivity, RMVD) (augmentation, AMVD)

X � Y, Y � Z

X � Z − Y

X � Y, W � Z

X � Y ∩ Z
Y ∩ W = ∅

(pseudo-transitivity, TMVD) (subset, SMVD)

X � Y

X � R − Y

X � Y, X � Z

X � Y Z
(R-complementation, CR

MVD) (union, UMVD)

X � Y, X � Z

X � Z − Y

X � Y, X � Z

X � Y ∩ Z
(difference, DMVD) (intersection, IMVD)

Let R be some arbitrary relation schema. The set
{
RMVD,AMVD,TMVD, CR

MVD,UMVD,DMVD,IMVD
}

is both R-sound and R-complete for the R-implication of MVDs [6]. In what follows
we use C to denote either the class of MVDs or the class of FHDs. Furthermore, we
use S to denote a set of inference rules. Let � ∪ {σ } be a set of dependencies from C
on the relation schema R. Let � �S σ denote the inference of σ from � with respect
to S. Let �+

S
= {σ | � �S σ } denote the syntactic hull of � under inference using

only rules from S. An inference rule is called R-sound if the set of dependencies in
the premise of the rule R-implies the dependency in the conclusion. It is well-known
that all the rules above are R-sound for all R [6]. The set S is called R-sound for the
R-implication of dependencies from C if and only if for every set � of dependencies
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from C on the relation schema R we have �+
S

⊆ �∗
R = {σ ∈ C | � R-implies σ }. The

set S is called R-complete for the R-implication of dependencies from C if and only
if for every set � of dependencies from C on R we have �∗

R ⊆ �+
S

.
An interesting question is now whether all the rules of a certain set of inference

rules are really necessary to capture the R-implication of dependencies from C for
all relation schemata R. More precisely, an inference rule � is said to be independent
from the set S if and only if there is some relation schema R and some finite set
� ∪ {σ } of dependencies from C on R such that σ /∈ �+

S
, but σ ∈ �+

S∪{�}. Let S be a
set of inference rules that is R-complete for the R-implication of dependencies from
C for all relation schemata R. Then S is said to be minimal for the R-implication
of dependencies from C if and only if every inference rule � ∈ S is independent
of S − {�}. This means that no proper subset of S is still R-complete for the
R-implication of dependencies in C for all relation schemata R. It was shown by
Mendelzon [28] that M = {RMVD, CR

MVD,TMVD} forms such a minimal set for the
R-implication of MVDs. In the same paper, Mendelzon further motivates the study
of the independence of inference rules and comments in more detail on the special
role of the R-complementation rule.

2.1 Sound inference rules for FHDs in fixed universes

We will denote the set of the following inference rules by H.

∅ : {∅}
X : {Y1, . . . , Yk}

X Z : {Y1 − Z , . . . , Yk − Z }
(empty-set-axiom, R∅) (augmentation, A)

XY : {Y1, . . . , Yk}, X : {Y}
X : {Y1, . . . , Yk, Y}

X : {Y1, . . . , Yk, Y}
X : {Y1, . . . , Yk}

(transitivity, T ) (omission, O)

X : {Y1, . . . , Yk}
X : {Y1, . . . , Yk−1, R − XY1 · · · Yk}

X : {Y1, . . . , Yk}, X : {Z }
X : {Y1 − Z , . . . , Yk−1 − Z , Yk Z }

(R-complementation, CR) (union, U)

X : {Y1, . . . , Yk}, X : {Z }
X : {Y1, . . . , Yk−1, Yk − Z }

X : {Y1, . . . , Yk}, X : {Z }
X : {Y1, . . . , Yk−1, Yk ∩ Z }

(difference, D) (intersection, I)

Theorem 2.3 For all relation schemata R the set H is R-sound for the R-implication
of FHDs.

Proof We need to show that for an arbitrary relation schema R, and an arbitrary
set � of FHDs on R we have �+

H
⊆ �∗

R. The proof will make extensive use of
Theorem 2.2 and the R-soundness of the inference rules for MVDs [6]. Notice that it
is sufficient to show the R-soundness of each inference rule. Subsequently, one can
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show by induction that each FHD occurring in an inference by H is also R-implied
by �.

The soundness of the empty-set-axiom R∅ follows from Theorem 2.2 and the
soundness of the reflexivity axiom RMVD for MVDs.

Consider now the augmentation rule A, and let r be some arbitrary R-relation
that satisfies X : {Y1, . . . , Yk}. Theorem 2.2 tells us that r also satisfies X � Yi for all
i = 1, . . . , k. The soundness of the augmentation rule AMVD shows that r also satisfies
X Z � Yi for all i = 1, . . . , k, and the soundness of the reflexivity axiom RMVD

identifies r as a model of X Z � Z . We conclude by the soundness of the difference
rule DMVD that r satisfies X Z � Yi − Z for all i = 1, . . . , k. Consequently, |=r X Z :
{Y1 − Z , . . . , Yk − Z } by Theorem 2.2.

Next we show the soundness of the transitivity rule T . Let r be some arbitrary
R-relation that satisfies XY : {Y1, . . . , Yk} and X : Y. Note that every Yi is disjoint
from XY. Theorem 2.2 shows that r satisfies XY � Yi for all i = 1, . . . , k and r
satisfies X � Y. We conclude by soundness of the augmentation rule AMVD that |=r

X � XY. We apply the soundness of the pseudo-transitivity rule TMVD and conclude
that r satisfies X � Yi − XY for every i = 1, . . . , k. However, Yi − XY = Yi since
Yi and XY are disjoint. It is now a consequence of Theorem 2.2 that r satisfies
X : {Y1, . . . , Yk, Y}.

Next we show the soundness of the omission rule O. Let r be some arbitrary
R-relation that satisfies X : {Y1, . . . , Yk, Y}. Theorem 2.2 tells us that r must sat-
isfy X � Yi for all i = 1, . . . , k, and r must satisfy X � Y. Consequently, |=r X :
{Y1, . . . , Yk} by Theorem 2.2.

The soundness of the R-complementation rule CR is an immediate consequence of
Theorem 2.2. In fact, if r satisfies the FHD X : {Y1, . . . , Yk}, then this is equivalent
to r satisfying

r = r[XY1] �� · · · �� r[XYk] �� r[X(R − XY1 · · · Yk)].
However, this means r is a model of X : {Y1, . . . , Yk−1, R − XY1 · · · Yk} since R −
(XY1 · · · Yk−1(R − XY1 · · · Yk)) = Yk.

Consider now the union rule U , and let r be some arbitrary R-relation that satisfies
X : {Y1, . . . , Yk} and X : {Z }. We know by Theorem 2.2 that r satisfies X � Yi for
all i = 1, . . . , k, and r satisfies X � Z . We conclude by the soundness of the union
rule UMVD that |=r X � Yk Z . Moreover, the soundness of the difference rule DMVD

implies that r satisfies X � Yi − Z for all i = 1, . . . , k − 1. In view of Theorem 2.2
this shows that r satisfies X : {Y1 − Z , . . . , Yk−1 − Z , Yk Z }.

For the soundness of the difference rule D assume that the arbitrary R-relation r
satisfies both X : {Y1, . . . , Yk} and X : {Z }. We know by Theorem 2.2 that r satisfies
X � Yi for all i = 1, . . . , k, and r satisfies X � Z . According to the soundness of the
difference rule DMVD we also have |=r X � Yk − Z . Theorem 2.2 shows now that r
is a model of X : {Y1, . . . , Yk−1, Yk − Z }.

Finally, we prove the soundness of the intersection rule I . Let r be some arbitrary
R-relation that satisfies X : {Y1, . . . , Yk} and X : {Z }. Theorem 2.2 implies that
r satisfies X � Yi for all i = 1, . . . , k, and r satisfies X � Z . According to the
soundness of the intersection rule IMVD we also have |=r X � Yk ∩ Z . Theorem 2.2
shows then that r is indeed a model of X : {Y1, . . . , Yk−1, Yk ∩ Z }. ��
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Lemma 2.1 The following inference rules are derivable from H

X : {Y1, . . . , Yk}
X : {Y1, . . . , Yk,∅}

X : {Y1, . . . , Yk, Yk+1}
X : {Y1, . . . , YkYk+1}

(empty-set-introduction, I∅) (merging, M)

and thus are R-sound for the R-implication of FHDs for all relation schemata R.

Proof The empty-set-introduction rule I∅ is derivable from R∅,A and T .

∅ : {∅} R∅ X : {Y1, . . . , Yk}
X : {∅} A

X ∪ ∅ : {Y1, . . . , Yk} A

X : {Y1, . . . , Yk,∅} T

The merging rule M is derivable from O and U .

X : {Y1, . . . , Yk, Yk+1} X : {Y1, . . . , Yk, Yk+1}
X : {Y1, . . . , Yk} O

X : {Yk+1} O

X : {Y1, . . . , Yk−1, YkYk+1} U

This concludes the proof. ��

2.2 Completeness

Let R be some arbitrary relation schema, and let � be a set of FHDs on R. Let
DepR(X) be the set of all W ⊆ R − X for which some FHD X : S with W ∈ S
is derivable from � using the inference rules H, i.e., DepR(X) = {W ⊆ R − X |
∃S such that X : S ∈ �+

H
and W ∈ S}. Note that DepR(X) is finite, and (DepR(X),⊆

,∪, ∩, (·)C,∅, R − X) constitutes a Boolean algebra due to the soundness of union,
difference and intersection rule. Recall that an element a ∈ P of a poset (P,�, 0)

with least element 0 is called an atom of (P,�, 0) [19] if and only if a 
= 0 and every
element b ∈ P with b � a satisfies b = 0 or b = a. (P,�, 0) is called atomic if and
only if for every element b ∈ P with b 
= 0 there is an atom a ∈ P with a � b . In
particular, every finite Boolean algebra is atomic. The set DepBR(X) of all atoms of
(DepR(X),⊆, ∅) is called the dependency basis of X with respect to � [4].

Theorem 2.4 Let � ∪ {X : S} be a set of FHDs on the relation schema R. Then
X : S ∈ �+

H
if and only if for every Y ∈ S there is some Y ⊆ DepBR(X) such that

Y = ⋃Y .

Proof Let Y ∈ S for X : S ∈ �+
H

. That is, Y ∈ DepR(X), and since every element b
of a Boolean algebra is the join over those atoms a with a ≤ b we know that Y = ⋃Y
for Y = {W ∈ DepBR(X) | W ⊆ Y}.

Vice versa, let Y ∈ S be arbitrary and suppose that Y = ⋃Y for some Y ⊆
DepBR(X). Since DepBR(X) ⊆ DepR(X) and DepR(X) is closed under unions it
follows that Y ∈ DepR(X). Let S = {Y1, . . . , Yk}. Then we know by definition of
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DepR(X) that X : {Yi} ∈ �+
H

holds for all i = 1, . . . , k. For the following inference
notice that the Yi are mutually disjoint.

X : {Y1}
X : {Y1,∅} I∅ X : {Y2}

X : {Y1, Y2} U

...

X : {Y1, . . . , Yk−1,∅} I∅ X : {Yk}
X : {Y1, . . . , Yk−1, Yk} U

We can therefore conclude that X : S ∈ �+
H

. ��

Theorem 2.5 For all relation schemata R the set H of inference rules is R-complete for
the R-implication of FHDs.

Proof Let R be an arbitrary relation schema, and let � ∪ {X : S} be an arbitrary
set of FHDs on R. We need to show that �∗

R ⊆ �+
H

holds. Let DepBR(X) =
{Y1, . . . , Yk}, i.e., {X, Y1, . . . , Yk} forms a partition of R. We choose k tuples t1, . . . , tk
that all have the same value on all attributes in X, and any pair of distinct tuples has
different values on all the attributes in every Yi. More precisely, ti[X] = t j[X] for all
1 ≤ i, j ≤ k, and for all 1 ≤ i < j ≤ k and for all l = 1, . . . , k we have ti[B] 
= t j[B] for
all B ∈ Yl . Such a relation may look as follows:

X Y1 Y2 · · · Yk

0 . . . 0 1 . . . 1 1 . . . 1 · · · 1 . . . 1
0 . . . 0 2 . . . 2 2 . . . 2 · · · 2 . . . 2

...
...

...
...

...

0 . . . 0 k . . . k k . . . k · · · k . . . k

We will now use these k tuples to construct the following R-relation r consisting of
kk different tuples. In fact, for each list L = [ j1, . . . , jk] of k numbers from {1, . . . , k}
we define the tuple tL by

t[ j1,..., jk][XYi] := t ji [XYi] for i = 1, . . . , k.

In particular, the original tuples t1, . . . , tk also occur in the relation r, namely as tuples
t[1,1,...,1], . . . , t[k,k,...,k], respectively. The relation r may look as follows:

X Y1 Y2 · · · Yk

t[1,1,...,1] : 0 . . . 0 1 . . . 1 1 . . . 1 · · · 1 . . . 1
t[2,2,...,2] : 0 . . . 0 2 . . . 2 2 . . . 2 · · · 2 . . . 2

...
...

...
...

...

t[k,k,...,k] : 0 . . . 0 k . . . k k . . . k · · · k . . . k
t[1,1,...,2] : 0 . . . 0 1 . . . 1 1 . . . 1 · · · 2 . . . 2

...
...

...
...

...

t[1,1,...,k] : 0 . . . 0 1 . . . 1 1 . . . 1 · · · k . . . k
...

...
...

...
...

t[k,k,...,k−1] : 0 . . . 0 k . . . k k . . . k · · · k − 1 . . . k − 1
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We will now show that r satisfies �. Let U : {V1, . . . , Vl} ∈ �. We need to show
that if there are t1, . . . , tl+1 ∈ r such that ti[U] = t j[U] holds for all 1 ≤ i, j ≤ l + 1,
then there is some t ∈ r such that t[UVi] = ti[UVi] for i = 1, . . . , l and t[U(R −
UV1 · · · Vl)] = tl+1[U(R − UV1 · · · Vl)]. Let

W :=
⋃

{Yi ∈ DepBR(X) | U ∩ Yi 
= ∅}.
One can see from the construction above that for all i = 1, . . . , k the following holds:
two tuples in r either coincide on all the attributes of Yi or differ on every single
attribute of Yi. Therefore, any two tuples in r that coincide on U must also coincide
on every Yi that U has non-empty intersection with. Consequently, ti[UW] = t j[UW]
for all 1 ≤ i, j ≤ l + 1. Notice that every attribute of U that is an attribute of some
Yi must also be an attribute of W by the definition of W. Furthermore, every
attribute of U that is not an attribute of any of the Yi must be an attribute of
X since

⋃{X, Y1, . . . , Yk} = R. Therefore, U ⊆ XW. We apply the augmentation
rule A to U : {V1, . . . , Vl} ∈ � to derive U(XW − U) : {V1 − (XW − U), . . . , Vl −
(XW − U)} ∈ �+

H
. However, U(XW − U) = XW and since U, V1, . . . , Vl are mu-

tually disjoint we also have Vi − (XW − U) = Vi − XW for i = 1, . . . , l. That is,
XW : {V1 − XW, . . . , Vl − XW} ∈ �+

H
. Moreover, since W is the union of elements

from DepBR(X) we have X : {W} ∈ �+
H

by Theorem 2.4. Subsequently, we can apply
the transitivity rule T to

X : {W}, XW : {V1 − XW, . . . , Vl − XW} ∈ �+
H

and derive that X : {V1 − XW, . . . , Vl − XW, W} ∈ �+
H

, too. According to Theo-
rem 2.4 it follows that Vi − XW is the union of some Y j for each i = 1, . . . , l. As
XW, V1 − XW, . . . , Vl − XW are also mutually disjoint the construction of r ensures
the existence of some tuple t ∈ r that satisfies t[XW(Vi − XW)] = ti[XW(Vi −
XW)] for i = 1, . . . , l and t[XW(R − XWV1 · · · Vl)] = tl+1[XW(R − XWV1 · · · Vl)].
Since UVi ⊆ XW(Vi − XW) holds for i = 1, . . . , l this shows that t[UVi] = ti[UVi]
for i = 1, . . . , l. Since U(R − UV1 · · · Vl) ⊆ XW(R − XWV1 · · · Vl) we also have
t[U(R − V1 · · · Vl)] = tl+1[U(R − V1 · · · Vl)]. This, however, shows that r satisfies �.

Now suppose that X : S ∈ �∗
R. In order to verify the completeness of the rule

set H we will show that X : S ∈ �+
H

holds, too. Since r satisfies � it follows that
r also satisfies �∗

R. In particular, |=r X : S. Assume that there is some member Y
of S which is not the union of any members of DepBR(X) = {Y1, . . . , Yk}. We
conclude that Y intersects some Yi without subsuming it, i.e., Y ∩ Yi 
= ∅ and Yi ∩
(R − XY) 
= ∅. Take, for instance, the two tuples t1 = t[1,1,...,1] and t2 = t[2,2,...,2] of r
which coincide on X and differ on every attribute in R − X. From the construction
of r we know that any two tuples of r either coincide on Yi or differ on every single
attribute of Yi. Assume there is some tuple t ∈ r with t[XY] = t1[XY] and t[X(R −
XY)] = t2[X(R − XY)]. Since Y ∩ Yi 
= ∅ holds t[XY] = t1[XY] implies t[Yi] =
t1[Yi]. Moreover, since Yi ∩ (R − XY) 
= ∅ holds t[X(R − XY)] = t2[X(R − XY)]
implies t[Yi] = t2[Yi], and therefore t1[Yi] = t2[Yi]. This, however, is a contradiction
since t1 and t2 even differ on every attribute of Yi by definition. Hence, we conclude
that there is no tuple t ∈ r with t[XY] = t1[XY] and t[X(R − XY)] = t2[X(R −
XY)]. This means r does not satisfy X : {Y}. However, this contradicts |=r X : S
according to Theorem 2.4. Hence, every member of S is the union of some members
of DepBR(X). Thus, X : S ∈ �+

H
by Theorem 2.4. ��
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2.3 A minimal axiomatisation

The objective is to identify a minimal subset Hmin of H, i.e., a set in which each single
rule is essential and not derivable from the rest of the rules.

Theorem 2.6 The set Hmin = {R∅,A,T ,O, CR} consisting of the empty-set ax-
iom, the augmentation rule, the transitivity rule, the omission rule and the R-
complementation rule is minimal for the R-implication of FHDs.

We prove Theorem 2.6 by a series of lemmata. First, it is shown that union rule
U , intersection rule I and difference rule D are derivable from Hmin. Subsequently,
it is demonstrated that none of the rules in Hmin can be omitted without losing
R-completeness for the R-implication of FHDs for some relation schemata R.

Lemma 2.2 The union rule U is derivable from {A,T , CR,O}.

Proof

X : {Y1, . . . , Yk}
X : {Y1, . . . , Yk−1, R − XY1 · · · Yk} CR

X Z : {Y1 − Z , . . . , Yk−1 − Z , R − X Z Y1 · · · Yk} A
X : {Z }

X : {Y1 − Z , . . . , Yk−1 − Z , R − X Z Y1 · · · Yk, Z } T

X : {Y1 − Z , . . . , Yk−1 − Z , R − X Z Y1 · · · Yk} O

X : {Y1−Z , . . . , Yk−1−Z , R−(X(Y1−Z ) · · · (Yk−1−Z )(R−X Z Y1 · · · Yk))︸ ︷︷ ︸
=Yk Z

}CR

Note that R − (X(Y1 − Z ) · · · (Yk−1 − Z )(R − X Z Y1 · · · Yk)) = Yk Z since X ∩
Yk = ∅, X ∩ Z = ∅ and Yi ∩ Yk = ∅ for i = 1, . . . , k − 1. ��

Lemma 2.3 The intersection rule I is derivable from {A,T , CR,O,U}.

Proof Note that Yk − (R − X Z ) = Yk ∩ X Z = Yk ∩ Z since Yk ∩ X = ∅.

X : {Y1, . . . , Yk}
X : {Yk} O

X : {Z }
X : {Y1, . . . , Yk} X(R − X Z ) : {Yk − (R − X Z )}A X : {R − X Z }CR

X : {Y1, . . . , Yk−1} O
X : {Yk ∩ Z , R − X Z } T

X : {Y1, . . . , Yk−1,∅} I∅ X : {Yk ∩ Z } O

X : {Y1, . . . , Yk−1, Yk ∩ Z } U

Note that the left-most branch becomes necessary if k ≥ 2. ��

Lemma 2.4 The difference rule D is derivable from {CR,I}.
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Proof Note that Yk ∩ (R − X Z ) = Yk − X Z = Yk − Z since Yk ∩ X = ∅.

X : {Z }
X : {Y1, . . . , Yk} X : {R − X Z } CR

X : {Y1, . . . , Yk−1, Yk − Z } I

This concludes the proof. ��

Theorem 2.5 and Lemmata 2.2, 2.3 and 2.4 show that Hmin is indeed R-complete
for the R-implication of FHDs for all relation schemata R. In order to complete the
proof of Theorem 2.6 it remains to verify the independence of every inference rule
in Hmin from the rest of the rules.

Lemma 2.5 The empty-set-axiom R∅ is independent of {A,T ,O, CR}.

Proof Let � = ∅ and σ = ∅ : {∅}. Since {A,T ,O, CR} does not contain any
axiom we conclude that �+

{A,T ,O,CR} = ∅ and hence σ /∈ �+
{A,T ,O,CR}. However,

σ ∈ �+
{R∅,A,T ,O,CR}. ��

Lemma 2.6 The augmentation rule A is independent of {R∅,T ,O, CR}.

Proof Let R = A, � = ∅ and σ = A : {∅}. The closure �+
S

of a set S of sound
inference rules is represented as a table. The FHD X : {Y1, . . . , Yk} belongs to �+

S

if and only if the entry in row labelled X and column labelled {Y1, . . . , Yk} is a cross
×. Notice that there are some cells which do not represent any FHD. These have the
entry �. The closure �+

{R∅,T ,O,CR} can be obtained as follows. The empty-set-axiom
R∅ yields the FHD ∅ : {∅}. A subsequent application of the R-complementation rule
CR allows us to obtain the FHD ∅ : {A}. Finally, the transitivity rule T can be applied
to ∅ : {∅} and ∅ : {A} to infer ∅ : {A,∅}. This set is closed under derivation using
{R∅,T ,O, CR}. Notice that the only inference rule capable of producing an FHD
with left-hand side A is the augmentation rule A which has been dropped.

{∅} {A} {A,∅}
∅ × × ×
A � �

It follows that σ /∈ �+
{R∅,T ,O,CR} but σ ∈ �+

{R∅,A,T ,O,CR}. ��

Lemma 2.7 The transitivity rule T is independent of {R∅,A,O, CR}.

Proof Let R = A, � = ∅ and σ = ∅ : {A,∅}. The closure �+
{R∅,A,O,CR} can be ob-

tained as follows. The empty-set-axiom R∅ yields the FHD ∅ : {∅}. A subsequent
application of the R-complementation rule CR allows us to obtain the FHD ∅ : {A}.
Finally, the augmentation rule A can be applied to ∅ : {∅} to infer A : {∅}. This set
is closed under derivation using {R∅,A,O, CR}. Notice that the only inference rule
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capable of producing an FHD with right-hand side {A,∅} is the transitivity rule T
which has been dropped.

{∅} {A} {A,∅}
∅ × ×
A × � �

It follows that σ /∈ �+
{R∅,A,O,CR} but σ ∈ �+

{R∅,A,T ,O,CR}. ��

Lemma 2.8 The omission rule O is independent of {R∅,A,T , CR}.

Proof Let R = AB, � = {∅ : {∅, A}} and σ = ∅ : {A}. The closure �+
{R∅,A,T ,CR} can

be obtained as follows. The empty-set-axiom R∅ yields the FHD ∅ : {∅}. Subsequent
applications of the augmentation rule A yield the {∅}-column. One may apply the
R-complementation rule CR to each of the infered FHDs to derive ∅ : {AB}, A :
{B}, B : {A}, respectively. Three applications of the transitivity rule T yield ∅ :
{AB,∅}, A : {B, ∅}, B : {A,∅}, respectively. We may then enter the FHD ∅ : {∅, A},
and apply the R-complementation rule CR to infer ∅ : {∅, B} and ∅ : {∅, AB}. Finally,
the transitivity rule T yields ∅ : {∅, A, B}. This set is closed under derivation using
{R∅,A,T , CR}. Notice that an inference of σ must somehow involve the FHD in �,
but the only inference rule capable of removing the empty set ∅ from {∅, A} is the
omission rule which has been dropped.

{∅} {A} {B} {AB} {∅, A} {∅, B} {A, B} {∅, AB} {∅, A, B}
∅ × × × × × × ×
A × � × � � × � � �

B × × � � × � � � �

AB × � � � � � � � �

It follows that σ /∈ �+
{R∅,A,T ,CR} but σ ∈ �+

{R∅,A,T ,O,CR}. ��

Lemma 2.9 The R-complementation rule CR is independent of {R∅,A, T ,O}.

Proof Let R = A, � = ∅ and σ = ∅ : {A}. The closure �+
{R∅,A,T ,O} can be obtained

as follows. The empty-set-axiom R∅ yields the FHD ∅ : {∅}. A subsequent application
of the augmentation rule A allows us to derive the FHD A : {∅}. This set is closed
under derivation using {R∅,A,T ,O}. Notice that the only inference rule capable
of inferring any FHD with a right-hand side different that is different from ∅ is the
R-complementation rule CR which has been dropped.

{∅} {A} {A,∅}
∅ ×
A × � �

It follows that σ /∈ �+
{R∅,A,T ,O} but σ ∈ �+

{R∅,A,T ,O,CR}. ��
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2.4 A weaker version of R-complementation

Biskup [9] has replaced the R-complementation rule CR
MVD by the so-called R-axiom

∅ � R
and still obtained an R-complete axiomatisation for the R-implication of

MVDs for all relation schemata R. That is, R-axiom, augmentation rule AMVD and
pseudo-transitivity rule TMVD form an R-sound and R-complete set of inference rules
for the R-implication of MVDs for all relation schema R [9].

Let ∅ : {R} be the R-axiom for FHDs. This inference rule is R-sound for the

R-implication of FHDs for all relation schema R. As it turns out we can simply
replace the R-complementation rule CR in Hmin by the R-axiom and still maintain
R-completeness for all R.

Theorem 2.7 For all relation schema R the set {R∅,A,T ,O,R-axiom} consisting of
the empty-set axiom, the augmentation rule, the transitivity rule, the omission rule
and the R-axiom is R-sound and R-complete for the R-implication of FHDs.

Proof We show that the R-complementation rule CR is derivable from the R-axiom,
the augmentation rule, the transitivity rule, and the omission rule. The statement is
then a consequence of Theorem 2.5.

X : {Y1, . . . , Yk}
X : {Y1, . . . , Yk} XY1 · · · Yk−1 : {Yk, ∅} A ∅ : {R} R-axiom

X : {Y1, . . . , Yk−1} O XY1 · · · Yk−1 : {Yk} O
XY1 · · · Yk : {R − XY1 · · · Yk} A

XY1 · · · Yk−2 : {Yk−1, ∅} A XY1 · · · Yk−1 : {R − XY1 · · · Yk, Yk} T

XY1 · · · Yk−2 : {Yk−1} O
XY1 · · · Yk−1 : {R − XY1 · · · Yk} O

XY1 · · · Yk−2 : {R − XY1 · · · Yk, Yk−1} T

X : {Y1, . . . , Yk}
.
.
.

X : {Y1} O
XY1 : {R − XY1 · · · Yk, Yk−1, . . . , Y2}

X : {R − XY1 · · · Yk, Yk−1, . . . , Y1} T

This concludes the proof. ��

3 A complementary axiomatisation

We have seen before that the set Hmin = {R∅,A,T ,O, CR} is a minimal axioma-
tisation for the R-implication of FHDs. However, Example 1.1 has brought up a
possible difficulty with this system. If the R-complementation rule simply represents
the database normalisation process, then this should be reflected by any axiomati-
sation. More precisely, an application of the R-complementation rule CR during any
inferences should be restricted to the very last step of this inference (if needed at all).
This would ensure that no possibly semantically meaningless information could be
derived. An R-complete set S is said to be R-complementary if and only if for every
set � ∪ {σ } of FHDs on R the inference of σ from � using S can be turned into an
inference of σ from � using S in which the R-complementation rule CR is applied at
most once, and if it is applied, then it is applied in the last step of the inference. As it
turns out the set Hmin is not R-complementary for all relation schemata R.
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Example 3.1 Let � consist of the two FHDs

Title : {{Actor}, {Feature}} and Title : {{Actor}, {Language}}.
An inspection of the syntactical inference rules R∅,A,T ,O shows that Title :
{{Actor}, {Feature,Language}} /∈ �+

{R∅,A,T ,O}. Moreover, Lemma 4.1 shows that
Title : {{Actor}, Y} /∈ �+

{R∅,A,T ,O} for any Y such that

Y − {Title, Actor, Feature, Language} 
= ∅ .

For DVD={Title, Actor, Feature, Language, Crew} we have

Title : {{Actor}, {Feature,Language}} ∈ �+
{R∅,A,T ,O,CR}.

Hence, in any such inference the DVD-complementation rule CDVD must be applied
at least once. However, since

DVD − {Title,Actor,Feature,Language} = {Crew}

CDVD is not just used as the last rule.

The goal is to find an axiomatisation for the R-implication of FHDs that soundly
reflects the role of the R-complementation rule CR as a mere means of database
normalisation. That is, we would like to identify an axiomatisation for FHDs that is
R-complementary for all relation schemata R. This objective has been successfully
achieved in the case of MVDs [10, 27]. A key role played the so-called subset rule
SMVD which we now generalise into the framework of FHDs.

X : {Y}, W : {Y1, . . . , Yk}
X : {Y1 ∩ Y, . . . , Yk ∩ Y, Y − Y1 · · · Yk} Y ∩ W = ∅

(subset, S)

The reason for including the set Y − Y1 · · · Yk in the conclusion of the subset
rule is purely technical. In fact, this set is needed to shift applications of the R-
complementation rule to the end of an inference (see the proof of Theorem 3.1 for
details).

Lemma 3.1 For all relation schemata R the subset rule S is R-sound for the R-
implication of FHDs.

Proof Let r be some arbitrary relation such that X ∪ Y ∪ W ∪
k⋃

i=1
Yi ⊆ R. Let r sat-

isfy X : Y and W : {Y1, . . . , Yk} where Y ∩ W = ∅ holds. We know by Theorem 2.2
that r satisfies X � Y and W � Yi for all i = 1, . . . , k. We conclude by the soundness
of the subset rule SMVD that |=r X � Yi ∩ Y for all i = 1, . . . , k. Notice that Y −
(Yi ∩ Y) = Y − Yi holds for all i = 1, . . . , k. We may apply the difference rule DMVD

to X � Y and X � (Y1 ∩ Y) and conclude that r satisfies X � Y − Y1. In a second
step we apply the difference rule DMVD to X � Y − Y1 and X � (Y2 ∩ Y) and
conclude that r satisfies X � (Y − Y1Y2) since (Y − Y1) − (Y ∩ Y2) = Y − Y1Y2

holds. Successively applying the difference rule DMVD in this way leads us to conclude
that r satisfies X � (Y − Y1 · · · Yk). A further application of Theorem 2.2 shows that
r satisfies X : {Y1 ∩ Y, . . . , Yk ∩ Y, Y − Y1 · · · Yk}. ��
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Let � be a set of FHDs, and let S be a set of inference rules. A finite sequence
of FHDs γ = [σ1, . . . , σn] is called an inference from � by S if and only if each σi is
either an element of � or is obtained by applying one of the rules of S to appropriate
elements of {σ1, . . . , σi−1}. We say that the inference γ infers σn, i.e., the last element
of the sequence γ . In fact, �+

S
denotes the set of all FHDs which are inferred by some

inference from � by S. The following theorem shows constructively how to yield an
R-complementary set HC by adding the subset rule S and merging rule M to Hmin.

Theorem 3.1 Let � be a set of FHDs. For each inference γ from � by the sys-
tem Hmin = {R∅,A,T ,O, CR} there is an inference ξ from � by the system HC =
{R∅,A,T ,O,S,M, CR} with the following properties:

– γ and ξ infer the same FHD
– in ξ the R-complementation rule CR is applied at most once
– if CR is applied in ξ , then CR is applied as the last rule

Proof We proceed by induction on the length l of γ . If l = 1, then ξ := γ has the
desired properties. Let l > 1, and γ = [σ1, . . . , σl] be an inference from � by Hmin
which has length l. We consider five cases according to which inference rule in Hmin
was applied to infer σl from [σ1, . . . , σl−1]. The subset rule S is used in Cases 3.3
and 3.4 while the merging rule M is used in Case 4 to shift applications of the
R-complementation rule CR towards the end of the inference.

Case 1 The FHD σl is either ∅ : {∅} (empty-set-axiom R∅) or σl ∈ �. In this case
ξ = [σl] has the desired properties.

Case 2 We infer σl by applying the augmentation rule A to the premise σi with i < l.
Let ξi be obtained by using the induction hypothesis for γi := [σ1, . . . , σi].

Consider the inference ξ := [ξi, σl]. If CR is not applied in ξi, then ξ has the desired
properties. If CR is applied in ξi (as the last rule), then the last two steps of ξ are of
the following form:

X : {Y1, . . . , Yk}
X : {Y1, . . . , Yk−1, R − XY1 · · · Yk} CR

X Z : {Y1 − Z , . . . , Yk−1 − Z , R − X Z Y1 · · · Yk} A.

However, these steps can be replaced as follows:

X : {Y1, . . . , Yk}
X Z : {Y1 − Z , . . . , Yk − Z } A

X Z : {Y1 − Z , . . . , Yk−1 − Z , R − X Z (Y1 − Z ) · · · (Yk − Z )
︸ ︷︷ ︸

=R−X Z Y1···Yk

} CR.

The result of this replacement is an inference with the desired properties.

Case 3 We infer σl by applying the transitivity rule T to the premises σi and σ j with
i, j < l. Let ξi (ξ j) be obtained by using the induction hypothesis for γi := [σ1, . . . , σi]
(γ j := [σ1, . . . , σ j]).
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Consider the inference ξ := [ξi, ξ j, σl]. Then we distinguish between four cases
according to the occurrence of the R-complementation rule CR in ξi and ξ j.

Case 3.1 If CR is applied neither in ξi nor in ξ j, then ξ has the desired properties.
Case 3.2 If CR is applied in ξi (as the last rule) but not in ξ j, then the last step of ξi

and the last step of ξ are of the following form:

XY : {Y1, . . . , Yk}
X : {Y} XY : {Y1, . . . , Yk−1, R − XYY1 · · · Yk} CR

X : {Y1, . . . , Yk−1, R − XYY1 · · · Yk, Y} T .

However, these steps can be replaced as follows:

X : {Y} XY : {Y1, . . . , Yk}
X : {Y1, . . . , Yk, Y} T

X : {Y1, . . . , Yk−1, Y, R − XYY1 · · · Yk} CR

The result of this replacement is an inference with the desired properties.
Case 3.3 If CR is applied in ξ j (as the last rule) but not in ξi, then the last step of ξ j

and the last step of ξ are of the following form:

X : {Y}
X : {R − XY} CR X(R − XY) : {Y1, . . . , Yk}

X : {Y1, . . . , Yk, R − XY} T .

However, these steps can be replaced as follows:

X : {Y} X(R − XY) : {Y1, . . . , Yk}
X : {Y1 ∩ Y, . . . , Yk ∩ Y, Y − Y1 · · · Yk} S

X : {Y1, . . . , Yk, R − XY1 · · · Yk(Y − Y1 · · · Yk)︸ ︷︷ ︸
=R−XYY1···Yk=R−XY

} CR
.

Notice that Y and X(R − XY) are disjoint, and Y1 · · · Yk and X(R − XY)

are disjoint as well. It follows that Y1 · · · Yk ⊆ Y, and therefore Yi ∩ Y =
Yi for all i = 1, . . . , k.
The result of this replacement is an inference with the desired properties.

Case 3.4 If CR is applied in both ξi and ξ j (as the last rule), then the last steps of ξi,
ξ j and ξ are of the following form:

X : {Y} X(R − XY) : {Y1, . . . , Yk}
X : {R − XY}CR X(R − XY) : {Y1, . . ., Yk−1,R − X(R − XY)Y1 · · ·Yk}CR

X : {Y1, . . . , Yk−1, R − X(R − XY)Y1 · · · Yk︸ ︷︷ ︸
=Y−Y1···Yk

, R − XY} T .
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Notice that R − X(R − XY)Y1 · · · Yk = Y − Y1 · · · Yk since Y ∩ X = ∅.
However, these steps can be replaced as follows:

X : {Y} X(R − XY) : {Y1, . . . , Yk}
X : {Y1, . . . , Yk, Y − Y1 . . . Yk} S

X : {Y1, . . . , Yk−1, Y − Y1 . . . Yk, R − XY1 · · · Yk(Y − Y1 · · · Yk)︸ ︷︷ ︸
=R−XYY1···Yk=R−XY

} CR

Notice that Y and X(R − XY) are disjoint, and Y1 · · · Yk and X(R − XY)

are disjoint as well. That is, Y1 · · · Yk ⊆ Y, and therefore Yi ∩ Y = Yi for
all i = 1, . . . , k.
The result of this replacement is an inference with the desired properties.

Case 4 We infer σl by applying the omission rule O to the premise σi with i < l. Let
ξi be obtained by using the induction hypothesis for γi := [σ1, . . . , σi].

Consider the inference ξ := [ξi, σl]. If CR is not applied in ξi, then ξ has the desired
properties. If CR is applied in ξi (as the last rule), then the last two steps of ξ either
have the form:

X : {Y1, . . . , Yk, Y}
X : {Y1, . . . , Yk, R − XYY1 · · · Yk} CR

X : {Y1, . . . , Yk} O.

or

X : {Y1, . . . , Yk, Y}
X : {Y1, . . . , Yk, R − XYY1 · · · Yk} CR

X Z : {Y1, . . . , Yi−1, Yi+1, . . . , Yk, R − XYY1 · · · Yk} O.

In the first case these steps may be simply replaced by

X : {Y1, . . . , Yk, Y}
X : {Y1, . . . , Yk} O.

In the second case, these steps can be replaced as follows:

X : {Y1, . . . , Yk, Y}
X : {Y1, . . . , Yi−1, Yi+1, . . . , Yk, YiY} M

X : {Y1, . . . , Yi−1, Yi+1, . . . , Yk, R − XYY1 · · · Yk} CR.

In both cases the result of these replacements is an inference with the desired
properties.

Case 5 We infer σl by applying the R-complementation rule CR to the premise σi with
i < l. Let ξi be obtained by using the induction hypothesis for γi := [σ1, . . . , σi].
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Consider the inference ξ := [ξi, σl]. If CR is not applied in ξi, then ξ has the desired
properties. If CR is applied in ξi (as the last rule), then the last two steps of ξ are of
the following form:

X : {Y1, . . . , Yk}
X : {Y1, . . . , Yk−1, R − XY1 · · · Yk} CR

X : {Y1, . . . , Yk−1, R − XY1 · · · Yk−1(R − XY1 · · · Yk)︸ ︷︷ ︸
=Yk

} CR.

Hence the inference obtained by deleting these two steps from ξ has the desired
properties. ��

Corollary 3.1 For all relation schemata R the set HC of inference rules is R-
complementary for the R-implication of FHDs. ��

4 FHDs in undetermined universes

We will now investigate the alternative notion of implication in which the underlying
set of attributes is undetermined. Notice that this form of implication has been
studied for MVDs [10, 27].

According to Example 1.1 it may be argued that consequences which are de-
pendent on the underlying relation schema are in fact no consequences at all. This
implies, however, that the notion of R-implication is not suitable. This observation al-
ready applies to MVDs [10, 27], and Biskup introduced an alternative notion of MVD
implication [10] in which the underlying set of attributes remains undetermined. We
will now extend this notion to FHDs.

An FHD is a syntactic expression X : {Y1, . . . , Yk} with X, Y1, . . . , Yk ⊆ A. The

FHD X : {Y1, . . . , Yk} is satisfied by some relation r if and only if X ∪
k⋃

i=1
Yi ⊆

Dom(r) and

r = r[XY1] �� · · · �� r[XYk] �� r[X ∪ (Dom(r) − XYY1 · · · Yk)].
According to Theorem 2.1 the fixed relation schema R has now simply been replaced
by Dom(r) which varies with the relation r.

Definition 4.1 The set � = {
X1 : {

Y1
1 , . . . , Y1

l1

}
, . . . , Xn : {

Yn
1 , . . . , Yn

ln

}}
of FHDs

implies the single FHD X : {Y1, . . . , Yk} if and only if for each relation r with

X ∪
k⋃

i=1
Yi ∪

n⋃

j=1

(

X j ∪
l j⋃

s=1
Y j

s

)

⊆ Dom(r) the FHD X : {Y1, . . . , Yk} is satisfied by r

whenever r already satisfies all FHDs in �.

In this definition, the underlying relation schema is left undetermined. The only
requirement is that the FHDs must apply to the relations.
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Fact 1 Let R be a relation schema such that X ∪
k⋃

i=1
Yi ∪

n⋃

j=1

(

X j ∪
l j⋃

s=1
Y j

s

)

⊆ R. Then

� = {
X1 : {

Y1
1 , . . . , Y1

l1

}
, . . . , Xn : {

Yn
1 , . . . , Yn

ln

}}
R-implies X : {Y1, . . . , Yk} when-

ever � implies X : {Y1, . . . , Yk}.

The converse of Fact 1, however, is false as the following example shows.

Example 4.1 Let � consist of the single FHD Title : {{Actor}, {Feature}}, and let R
be the relation schema with the four attributes Title, Actor, Feature, Language. Then
Title : {{Actor}, {Language}} is R-implied by � by the soundness of CR. However,
Title : {{Actor}, {Language}} is not implied by � as the following counterexample
relation r shows.

Title Actor Feature Language Crew
Miyamoto Musashi T. Mifune Trailer English H. Hinagaki
Miyamoto Musashi T. Mifune Trailer Japanese H. Hojo

While r = r[Title Actor] �� r[Title Feature] �� r[Title Language Crew] we have r 
=
r[Title Actor] �� r[Title Language] �� r[Title Feature Crew].

The notions of soundness, completeness, independence and minimality are simply
adapted to the context of undetermined universes by dropping the reference to the
underlying relation schema R from the corresponding notions in the context of fixed
universes.

While R∅,A,T ,S,O,U ,D,I,I∅,M are all sound inference rules (since they are
R-sound for all R), the R-axiom and the R-complementation rule CR are R-sound
but not sound, see Example 4.1.

We will now explore the power of the common part of the systems HC, namely
HU = {R∅,A,T ,O,S,M} which can be obtained from the systems HC by removing
the R-complementation rule CR. Hence HU does not permit the possibly semantically
meaningless inference of complementation. Theorem 3.1 states that HU is almost
R-complete for the R-implication of FHDs for all relation schemata R.

Corollary 4.1 Let R ⊆ A be a finite set of attributes. Then for all finite sets � = {
X1 :{

Y1
1 , . . . , Y1

l1

}
, . . . , Xn : {

Yn
1 , . . . , Yn

ln

}
of FHDs, for all FHDs X : {Y1, . . . , Yk} such

that X ∪
k⋃

i=1
Yi ∪

n⋃

j=1

(

X j ∪
l j⋃

s=1
Y j

s

)

⊆ R we have:

X : {Y1, . . . , Yk} ∈ �+
HC

if and only if
X : {Y1, . . . , Yk} ∈ �+

HU
or there is some i such that 1 ≤ i ≤ k and

X : {Y1, . . . , Yi−1, Yi+1, . . . , , Yk, R − XY1 · · · Yk} ∈ �+
HU

.

Corollary 4.1 indicates that by the subsystem HU of HC we can infer those
consequences of a given set of FHDs which are independent of the underlying
relation schema R.

Below we shall prove that the system HU is actually sound and complete for
the implication of FHDs in the sense of Definition 4.1. That is, HU can generate
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exactly the implications in an undetermined universe. Before that we shall prove two
lemmata.

The correctness of the first lemma can easily be observed by inspecting the
syntactic definitions of the inference rules in HU . For each of the rules, the right-
hand side of the conclusion does not contain any attribute that did not already occur
in the right-hand side of at least one of the premises.

Lemma 4.1 Let � = {
X1 : {

Y1
1 , . . . , Y1

l1

}
, . . . , Xn : {

Yn
1 , . . . , Yn

ln

}}
be a finite set of

FHDs. If X : {Y1, . . . , Yk} ∈ �+
HU

, then for all i = 1, . . . , k we have Yi ⊆
n⋃

j=1

l j⋃

s=1
Y j

s .

For the next lemma one may notice that attributes outside of W can always be
introduced only in the last step of the inference by utilising the augmentation rule A.

Lemma 4.2 Let � = {
X1 : {

Y1
1 , . . . , Y1

l1

}
, . . . , Xn : {

Yn
1 , . . . , Yn

ln

}}
be a finite set of

FHDs. Let W :=
n⋃

j=1

(

X j ∪
l j⋃

s=1
Y j

s

)

. If X : {Y1, . . . , Yk} ∈ �+
HU

, then there is an in-

ference γ = [σ1, . . . , σm] of X : {Y1, . . . , Yk} from � by HU such that any attribute
occurring in σ1, . . . , σm−1 is an element of W.

Proof Let ξ̄ = [
R1 : {

S1
1, . . . , S1

t1

}
, . . . , Rm−1 : {

Sm−1
1 , . . . , Sm−1

tm−1

}}]
be any inference

of X : {Y1, . . . , Yk} from � by HU . Consider the sequence ξ

[
R1 ∩ W : {

S1
1 ∩ W, . . . , S1

t1 ∩ W
}
, . . . , Rm−1 ∩ W : {

Sm−1
1 ∩ W, . . . , Sm−1

tm−1
∩ W

}}]
.

We claim that ξ is an inference of X ∩ W : {Y1 ∩ W, . . . , Yk ∩ W} from � by
HU . For if Ri : {

Si
1, . . . , Si

t1

}
is an element of � or ∅ : {∅}, then Ri ∩ W : {

Si
1 ∩

W, . . . , Si
t1 ∩ W

} = R1 : {
S1

1, . . . , S1
t1

}
. On the other hand one can easily verify that

if Ri : {
Si

1, . . . , Si
t1

}
is the result of applying one of the rules A,T ,O,M,S in ξ̄ ,

then R1 ∩ W : {
S1

1 ∩ W, . . . , S1
t1 ∩ W

}
is the result of the same rule applied to the

corresponding premises in ξ .

Now by Lemma 4.1 we know that for i = 1, . . . , k, Yi ⊆
n⋃

j=1

l j⋃

s=1
Y j

s ⊆ W, hence

Yi ∩ W = Yi. However, this implies that we can infer X : {Y1, . . . , Yk} from X ∩ W :
{Y1 ∩ W, . . . , Yk ∩ W} by the augmentation rule A:

X ∩ W : {Y1 ∩ W, . . . , Yk ∩ W}
(X ∩ W) ∪ X
︸ ︷︷ ︸

=X

: {Y1 − X
︸ ︷︷ ︸

=Y1

, . . . , Yk − X
︸ ︷︷ ︸

=Yk

} A.

Hence the inference [ξ, X : {Y1, . . . , Yk}] has the desired properties. ��

Theorem 4.1 The set HU = {R∅,A,T ,O,S,M} is sound and complete for the impli-
cation of FHDs.
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Proof Let � = {
X1 : {

Y1
1 , . . . , Y1

l1

}
, . . . , Xn : {

Yn
1 , . . . , Yn

ln

}}
be a finite set of FHDs,

and let X : {Y1, . . . , Yk} be an FHD. We need to prove that

� implies X : {Y1, . . . , Yk} if and only if X : {Y1, . . . , Yk} ∈ �+
HU

. (4.1)

For convenience let us define T := X ∪
k⋃

i=1
Yi ∪

n⋃

j=1

(

X j ∪
l j⋃

s=1
Y j

s

)

. In order to prove

the soundness of HU we assume X : {Y1, . . . , Yk} ∈ �+
HU

. Let r be any relation such
that T ⊆ Dom(r) and such that all FHDs Xi : {

Yi
1, . . . , Yi

li

} ∈ � are satisfied by r.
Then we need to show that r also satisfies X : {Y1, . . . , Yk}.

According to Lemma 4.2 there is an inference γ of X : {Y1, . . . , Yk} from � by

HU such that R ∪
t⋃

i=1
Si ⊆ T ⊆ Dom(r) for each FHD R : {S1, . . . , St} occurring in γ .

Since each rule of HU is sound we can conclude by induction that each FHD occurring
in γ is satisfied by r. In particular, r satisfies also X : {Y1, . . . , Yk}.

In order to prove the completeness of HU we assume X : {Y1, . . . , Yk} /∈ �+
HU

. Let
R ⊆ A be a finite set of attributes such that T is a proper subset of R, i.e. T ⊂ R.

Then R − XY1 · · · Yk is not a subset of T. Hence, by Lemma 4.1

X : {Y1, . . . , Yi−1, Yi+1, . . . , Yk, R − XY1 · · · Yk} /∈ �+
HU

for all i = 1, . . . , k. Now from X : {Y1, . . . , Yk} /∈ �+
HU

and

X : {Y1, . . . , Yi−1, Yi+1, . . . , Yk, R − XY1 · · · Yk} /∈ �+
HU

for all i = 1, . . . , k we conclude that

X : {Y1, . . . , Yk} /∈ �+
HC

by Corollary 4.1.
Since HC is R-complete for the R-implication of FHDs for all relation schemata R

it follows that � does not R-imply X : {Y1, . . . , Yk}. Consequently, � does not imply
X : {Y1, . . . , Yk} by Fact 1. ��

Since HU is sound and complete for the implication of FHDs and the Boolean
rules are sound for the implication of FHDs one can conclude that the Boolean rules
are derivable from HU . Notice that this is in sharp contrast to the set Hmin − {CR} =
{R∅,A,T ,O} as the following lemma shows.

Lemma 4.3 The union rule U is independent of {R∅,A,T ,O}.

Proof Let � = {∅ : {A},∅ : {B}} and σ = ∅ : {AB}. We obtain the closure
�+

{R∅,A,T ,O} as follows. The empty-set-axiomR∅ yields the FHD ∅ : {∅}. A subsequent
applications of the augmentation rule A allows us to derive the ∅-column. One may
then enter the FHDs from � and apply the augmentation rule A subsequently to
derive the {A}-column and {B}-column. One can then apply the transitivity rule T
to ∅ : {A} and A : {B} to infer ∅ : {A, B}. This set is closed under derivation using
{R∅,A,T ,O}. Notice that the union rule U is the only inference rule capable of
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inferring FHDs with a right-hand side in which the attributes A and B both belong
to the same set, but the union rule has been dropped.

{∅} {A} {B} {AB} {A, B}
∅ × × × ×
A × � × � �

B × × � � �

AB × � � � �

It follows that σ /∈ �+
{R∅,A,T ,O} but σ ∈ �+

{R∅,A,T ,O,U}. ��

The following lemmata show how the Boolean rules can be derived from HU .

Lemma 4.4 The union rule U is derivable from {A,T ,M}.

Proof

X : {Y1, . . . , Yk}
X : {Z } X Z : {Y1 − Z , . . . , Yk − Z } A

X : {Y1 − Z , . . . , Yk − Z , Z } T

X : {Y1 − Z , . . . , Yk−1 − Z , Yk Z } M

��
Lemma 4.5 The intersection rule I is derivable from HU = {R∅,A,T , M,O,S}.

Proof

X : {Y1, . . . , Yk} X : {Y1, . . . , Yk} X : {Z }
X : {Y1, . . . , Yk,∅} I∅ X : {Y1 ∩ Z , . . . , Yk ∩ Z , Z − Y1 · · · Yk} S

X : {Y1, . . . , Yk−1,∅} O
X : {Yk ∩ Z } O

X : {Y1, . . . , Yk−1, Yk ∩ Z } U

The lemma is now a consequence of Lemma 4.4 and Lemma 2.1. ��

Lemma 4.6 The difference rule D is derivable from {R∅,A,T ,M,O}.

Proof

X : {Y1, . . . , Yk}
X : {Y1, . . . , Yk} X : {Z } X Z : {Y1 − Z , . . . , Yk − Z } A

X : {Y1, . . . , Yk,∅} I∅ X : {Y1 − Z , . . . , Yk − Z } T

X : {Y1, . . . , Yk−1,∅} O
X : {Yk − Z } O

X : {Y1, . . . , Yk−1, Yk − Z } U

The lemma is now a consequence of Lemma 4.4 and Lemma 2.1. ��
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5 The minimality of HU and HC

It is now the objective to demonstrate the minimality of HU = {R∅,A,T ,O, S,M}
for the implication of FHDs. As a consequence the set HC is minimal for the R-
implication of FHDs in the sense that none of its subsets is still both R-complete and
R-complementary for the R-implication of FHDs for all relation schemata R.

For the following independence proofs we will utilise Lemma 4.1 which restricts
the number of possible FHDs that can be inferred from � by HU .

Lemma 5.1 The empty-set-axiom R∅ is independent of {A,T ,O,S,M}.

Proof Let � = ∅ and σ = ∅ : {∅}. Then σ /∈ �+
{A,T ,O,S,M}, but σ ∈ �+

HC
. ��

Lemma 5.2 The augmentation rule A is independent of {R∅,T ,O,S , M}.

Proof Let � = ∅ and σ = A : {∅}. It follows that σ /∈ �+
{R∅,T ,O,S,M} = {∅ : {∅}} but

σ ∈ �+
HC

. ��

Lemma 5.3 The transitivity rule T is independent of {R∅,A,O,S,M}.

Proof Let � = {A : {B}, AB : {C}}, and let σ = A : {B, C}. According to Lemma 4.1
only FHDs X : S can be inferred from � for which all Y ∈ S are subsets of {B, C}.
The closure �+

{R∅,A,O,S,M} can be obtained as follows (omitting all those FHDs in
which an attribute occurs that does not occur in �). The {∅}-column can be obtained
by an application of the empty-set-axiom R∅ followed by successive applications of
the augmentation rule A. We may then enter the FHDs from � and infer AC : {B}
from A : {B} by means of the augmentation rule A. Finally, the FHDs A : {B, ∅},
AB : {C,∅} and AC : {B, ∅} can be inferred by applying the subset rule S to A :
{B}, AB : {C} and AC : {B}, respectively, and ∅ : {∅}. Further applications of any
inference rules do not generate new FHDs.

{∅} {B} {C} {BC} {B,∅} {C, ∅} {BC, ∅} {B, C} {B, C, ∅}
∅ ×
A × × ×
B × � � � � � �

C × � � � � � �

AB × � × � � × � � �

AC × × � � × � � � �

BC × � � � � � � � �

ABC × � � � � � � � �

Consequently, σ /∈ �+
{R∅,A,O,S,M} but σ ∈ �+

Hc
. ��

Lemma 5.4 The omission rule O is independent of {R∅,A,T ,S,M}.

Proof Let � = {∅ : {A, B}}, and let σ = ∅ : {A}. According to Lemma 4.1 only
FHDs X : S can be inferred from � for which all Y ∈ S are subsets of {A, B}. The
closure �+

{R∅,A,T ,S,M} can be obtained as follows (omitting all those FHDs in which
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an attribute occurs that does not occur in �). The {∅}-column can be obtained by
an application of the empty-set-axiom R∅ followed by successive applications of the
augmentation rule A. After entering the FHD from � one can apply the merging
rule M to infer ∅ : {AB}. One can then apply the augmentation rule A to ∅ : {AB}
in order to infer both A : {B} and B : {A}. Applying the augmentation rule A to
∅ : {A, B} results in A : {∅, B} and B : {A,∅}. Finally, the subset rule S can be applied
to ∅ : {AB} and ∅ : {∅} to infer ∅ : {AB, ∅}, and to ∅ : {AB} and ∅ : {A, B} to infer
∅ : {A, B, ∅}. Further applications of any inference rules do not generate new FHDs.

{∅} {A} {B} {AB} {A, B} {A,∅} {B, ∅} {AB,∅} {A, B, ∅}
∅ × × × × ×
A × � × � � � × � �

B × × � � � × � � �

AB × � � � � � � � �

Consequently, σ /∈ �+
{R∅,A,T ,S,M} but σ ∈ �+

Hc
. ��

For the following three independence proofs we will utilise the fact that
if A,T ,O ∈ S, then an FHD X : {Y1, . . . , Yk} ∈ �+

S
if and only if X :

{Y1, . . . , Yk,∅} ∈ �+
S

, see Lemma 2.1. Therefore, we will only consider FHDs X : S
in which ∅ /∈ S.

Lemma 5.5 The subset rule S is independent of {R∅,A,T ,O,M}.

Proof Let � = {∅ : {AB}, C : {B}}, and let σ = ∅ : {B}. According to Lemma 4.1
only FHDs X : S can be inferred from � for which all Y ∈ S are subsets of {A, B}.
The closure �+

{R∅,A,T ,O,M} can be obtained as follows (omitting all those FHDs in
which an attribute occurs that does not occur in �). The {∅}-column can be obtained
by an application of the empty-set-axiom R∅ followed by successive applications of
the augmentation rule A. After entering the FHDs from � one can apply the aug-
mentation rule A to ∅ : {AB} to infer A : {B}, B : {A}, C : {AB}, BC : {A}. applying
the augmentation rule A to C : {B} results in AC : {B}. Subsequently, the transitivity
rule T is applied to C : {B} and BC : {A} to yield C : {A, B}. An application of the
omission rule O to C : {A, B} results in C : {A}. Further applications of any inference
rules do not generate new FHDs.

{∅} {A} {B} {AB} {A, B}
∅ × ×
A × � × � �

B × × � � �

C × × × × ×
AB × � � � �

AC × � × � �

BC × × � � �

ABC × � � � �

Consequently, σ /∈ �+
{R∅,A,T ,O,M} but σ ∈ �+

Hc
. ��
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Lemma 5.6 The merging rule M is independent of {R∅,A,T ,O,S}.

Proof Let � = {∅ : {A, B}}, and let σ = ∅ : {AB}. According to Lemma 4.1 only
FHDs X : S can be inferred from � for which all Y ∈ S are subsets of {B, C}. The
closure �+

{R∅,A,T ,O,S} can be obtained as follows (omitting all those FHDs in which
an attribute occurs that does not occur in �). The {∅}-column can be obtained by
an application of the empty-set-axiom R∅ followed by successive applications of the
augmentation rule A. After entering the FHD from � one may apply the omission
rule O to ∅ : {A, B} to infer both ∅ : {A} and ∅ : {B}. Subsequently, one may apply
the augmentation rule A to infer B : {A} from ∅ : {A}, and to infer A : {B} from
∅ : {B}. Further applications of any inference rules do not generate new FHDs.

{∅} {A} {B} {AB} {A, B}
∅ × × × ×
A × � × � �

B × × � � �

AB × � � � �

Consequently, σ /∈ �+
{R∅,A,T ,O,S} but σ ∈ �+

Hc
. ��

Theorem 5.1 The set HU = {R∅,A,T ,O,S,M} is minimal for the implication of
FHDs.

Corollary 5.1 None of the proper subsets of HC = {R∅,A,T ,O,S,M, CR} is still
both R-complete and R-complementary for the R-implication of FHDs for all relation
schemata R.

6 Future work

We conclude this paper by listing some related problems that warrant further
research. The subset rule plays a key role in achieving complementarity for MVDs
and FHDs. It would be interesting to see whether there are any complete sets of
inference rules for the implication of MVDs (FHDs) in undetermined universes that
do not feature the subset rule.

While FDs and MVDs have been investigated before and an axiomatisation
is well-known for the class of both types of dependencies in fixed universes [6]
the combined class of FDs and FHDs should also be studied in both fixed and
undetermined universes.

According to Link [26] there seems to be a trade-off between minimality and
complementarity for MVDs. That is, so far no minimal complete set of inference
rules for the R-implication of MVDs has been identified that is also complementary.
The question is whether there is any such system.

MVDs have been studied in the presence of null values, for instance with interpre-
tation no information [25, 27]. Interestingly, the soundness of the transitivity rule fails
when database relations are allowed to be incomplete. FHDs should therefore also
be studied in the presence of null values. An interesting approach to incomplete data
has been applied to the class of FDs [24]. There, a possible world semantics is used
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to explore all possible extensions of an incomplete database to a complete database.
While weak FDs are satisfied by some possible world, strong FDs must be satisfied by
all possible worlds. It would be interesting to generalise this work to MVDs (FHDs).

An open problem is the lack of a synthesis algorithm for MVDs and FHDs,
respectively, that would extend the well-known synthesis algorithm for the class of
FDs [7, 11, 12]. The notion of implication in undetermined universes provides an
alternative basis for the formulation of such an algorithm.

Acknowledgements We thank the anonymous referees whose thorough comments and suggestions
improved the readability of this paper.
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