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Abstract. The Nested List Normal Form is proposed as a syntactic
normal form for semantically well-designed database schemata obtained
from any arbitrary finite nesting of records and lists. The Nested List
Normal Form is defined in terms of functional and multivalued depen-
dencies, independent from any specific data model, and generalises the
well-known Fourth Normal Form from relational databases in order to
capture more application domains.

1 Introduction

An important issue associated with the use of any databases is the correct struc-
ture or design of data to be used. Several criteria, referred to as normal forms,
have been proposed as conditions for database schemata that a database design
should satisfy to ensure an absence of processing difficulties with the database.
These normal forms give a database designer unambiguous guidelines in deciding
which databases are good in the quest to avoid bad designs that have redun-
dancy problems and update anomalies. Such normal forms have already been
introduced in [12] by Codd himself. In general, they are dependent on the type
of integrity constraints or rules which apply to data items within the database.
Important classes of integrity constraints are functional dependencies (FDs) [12]
and Multivalued dependencies (MVDs) [14]. FDs and MVDs cause difficulties
such as redundancy in the representation of data and update anomalies. The
Boyce-Codd normal form (BCNF) was proposed to overcome these difficulties
with FDs [13], and Fagin introduced the Fourth Normal form (4NF) to deal with
the more general class of FDs and MVDs [14]. Later on, after the notions of re-
dundancy and update anomaly had been clarified and formalised, it was shown
that BCNF (4NF) precisely captures those relation schemata that are free from
redundancies and update anomalies in terms of FDs (FDs and MVDs) [7, 15, 35].
Normalisation has been studied in the context of other data models as well. There
are several normal form proposals for the nested relational data model, and a
detailed comparison can be found in [30]. Recently, the issue of normalisation
has been revived in the context of XML [2, 3, 36, 37]. XNF is defined in terms
of FDs that are based on a path-like notion in DTDs and do not enjoy a finite
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ground axiomatisation [2]. In [3] techniques from information theory are used
to provide justifications for several normal forms and normalisation algorithms.
MVDs have also been introduced into the context of XML and an extension of
4NF has been proposed [37]. Apart from [18, 31], who consider set equality in
the nested relational data model, all previous approaches to defining constraints
in advanced data formats do not consider equality on complex objects such as
lists, sets or multisets, and are therefore unable to express important semantic
information that occurs in many applications.

Several researchers have remarked that classical database design problems
need to be revisited in new data formats [3, 32, 34, 35]. Biskup [8, 9] has listed two
particular challenges for database design theory: finding a unifying framework
and extending achievements to deal with advanced database features such as
complex object types. We propose to classify data models according to the type
constructors they support. Thus, the relational data model can be captured
by a single application of the record type, arbitrary nesting of record and set
constructor covers aggregation and grouping which are fundamental to many
semantic data models as well as the nested relational data model [1, 24]. The
Entity-Relationship Model and its extensions require record, set and (disjoint)
union constructor [11, 33]. A minimal set of type constructors supported by any
object-oriented data model includes records, lists, sets and multisets (bags) [5].
Genomic sequence data models call for support of records, lists and sets [28].
Finally, XML requires at least record (concatenation), list (Kleene Closure),
union (optionality), and reference constructor [10].

In this paper we study database design in the presence of record and list
constructor with respect to functional and multivalued dependencies. It is our
goal to achieve an adequate extension of 4NF from relational databases, and
to actually demonstrate what this extension achieves in terms of characterising
the absence of adequate extensions of the notions of redundancies and update
anomalies. Our studies will be based on an abstract data model that defines a
database schema as an arbitrarily nested attribute where nesting applies record
and list constructor. It is our intention not to focus on any specific data model
in order to place emphasis on the type constructors themselves. Dependencies
are defined in terms of subschemata of the underlying database schema. This
approach provides a mathematically well-founded framework that is sufficiently
flexible and powerful to study design problems for different classes of constraints.
The fact that the set of all subschemata of some fixed database schema carries
the structure of a Brouwerian algebra turns out to precisely accommodate the
needs of multivalued dependencies.

Throughout the article we will apply the theory to an example from image
processing that we introduce now. Digital halftoning plays a key role in almost
every discipline that involves printing and displaying. All newspapers, magazines,
and books are printed with digital halftoning. One method to perform digital
halftoning is error diffusion [16, 25, 26]: once a pixel has been quantised, thus
introducing some error, this error should affect the quantisation of the pixels in
the region of its neighbours. Digital halftoning is an application of the matrix
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rounding problem [4]. The problem is to convert a continuous-tone image into
a binary one that looks similar. The input matrix A represents a digital (gray)
image, where aij represents the brightness level of the (i, j)-pixel in the n × n
pixel grid. Typically, n is between 256 and 4096, and aij is an integral multiple
of 1

256 : this means that we use 256 brightness levels. If we want to send an image
using fax or print it out by a dot or ink-jet printer, brightness levels available
are limited. Instead, we replace the input matrix A by an integral matrix B
so that each pixel uses only two brightness levels. Here, it is important that B
looks similar to A; in other words, B should be an approximation of A. In this
sense, an approximation of input matrix A is a {0,1}-matrix B that minimises

the distance
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for all R ∈ R. In this formulae R denotes

the set of regions of neighbors, for instance the set of all pairs of indices that
denote 2 × 1, 1 × 2 and 2 × 2 submatrices. A region has therefore one of the
following forms

a b
c d

a b
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b

,

and can be represented as a list of either two or four elements. The regions
may have all different kinds of shapes in practice. In order to make the example
more illustrative, we assume from now on that the input matrix has entries in
{0, 1

2 , 1}, i.e., uses three brightness levels. Input regions can be best approximated
by a number of different output regions. All inputs with overall brightness 1

2
and length two, i.e. [0, 1

2 ] or [12 , 0], could be mapped to any of [0,1], [1,0] or
[0,0], each of which has distance 1

2 . In this sense, the set of input sequences
({[0, 1

2 ], [12 , 0]}) is determined by the overall brightness of the input sequences
(1
2 ) and the length of the input sequence (2), independently of the set of output

sequences ({[0, 1], [1, 0], [0, 0]}). This is true for any inputs and outputs, e.g.,
all inputs with overall brightness 3

2 and length four such as [0, 0, 1, 1
2 ] can be

mapped to any of [0,0,0,1], [0,0,1,0], [0,1,0,0], [1,0,0,0], [0,0,1,1], [0,1,0,1], [1,0,0,1],
[0,1,1,0], [1,0,1,0], [1,1,0,0].

Consider a database which stores input and output sequences together with
the overall brightness of the input sequence. It is then desirable to find a {0,1}-
matrix B that has for every of the possible regions of input matrix A a corre-
sponding output region that are stored together as an entry in the database. The

input matrix A =
(

0 0
1
2

1
2

)

has for instance the approximation B =
(

0 0
0 1

)

.

Every 2 × 2 matrix has five input sequences and the mappings that produce B
from A are as follows: [0, 0] �→ [0, 0], [12 , 1

2 ] �→ [0, 1], [0, 1
2 ] �→ [0, 0] (left column),

[0, 1
2 ] �→ [0, 1] (right column) and [0, 0, 1

2 , 1
2 ] �→ [0, 0, 0, 1].

The matrix
(

0 1
0 0

)

, however, is not an approximation of A as the sequence

[12 , 1
2 ] should not be mapped to [0, 0].
Constraints that a database designer may choose to specify for this application

are the following:
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1. The length of the input sequence determines the length of the output se-
quence, and vice versa.

2. The overall brightness and length of the input sequence together determine
the set of all input sequences independently from the set of the output se-
quences.

The example illustrates a typical scenario where list equality occurs in a
constraint specification. We will formalise all parts of this example during the
course of the paper, and see whether the suggested design is appropriate with
respect to the constraints specified.

2 A Summary of Previous Work

2.1 The Complex-Value Data Model

This section introduces a data model based on the nesting of attributes and sub-
typing. It may be used to provide a framework for the study of type constructors
such as records, lists, sets, multisets, unions and references. This article, how-
ever, focuses on records and lists. In terms of XML the reader may notice that
we deal with a slightly extended fragment of DTDs in which only concatenation
and Kleene closure are allowed. However, the expressiveness of our constraints
is different from previous approaches as we are particularly interested in list
equality.

We start with the definition of flat attributes and values for them. A universe
is a finite set U together with domains (, i.e., sets of values) dom(A) for all A ∈ U .
The elements of U are called flat attributes. Flat attributes will be denoted by
upper-case characters from the start of the alphabet such as A, B, C etc.

In the following we will use a set L of labels, and assume that the symbol λ
is neither a flat attribute nor a label, i.e., λ /∈ U ∪ L. Moreover, flat attributes
are not labels and vice versa, i.e., U ∩ L = ∅.

Database schemata in our data model will be given in form of nested at-
tributes. Let U be a universe and L a set of labels. The set NA(U , L) of nested
attributes over U and L is the smallest set satisfying the following conditions:
λ ∈ NA(U , L), U ⊆ NA(U , L), for L ∈ L and N1, . . . , Nk ∈ NA(U , L) with
k ≥ 1 we have L(N1, . . . , Nk) ∈ NA(U , L), for L ∈ L and N ∈ NA(U , L) we
have L[N ] ∈ NA(U , L). We call λ null attribute, L(N1, . . . , Nk) record-valued
attribute and L[N ] list-valued attribute. We will use upper-case letters from the
middle of the alphabet such as N, M, etc. to refer to nested attributes. From now
on, we assume that a set U of attribute names, and a set L of labels is fixed,
and write NA instead of NA(U , L). We may use the nested attribute

Halftoning(Brightness,Input[Level],Output[Bit])

as a database schema for instances of the digital halftoning database described
in the introduction. Labels are Halftoning, Input and Output, and flat
attribute names are Brightness, Level and Bit. The domain of the flat attribute
Level is {0, 1

2 , 1} and the domain of the flat attribute Bit is {0, 1}.
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In general, we can extend the mapping dom from flat attributes to nested at-
tributes, i.e., we define a set dom(N) of values for every nested attribute N ∈
NA. For a nested attribute N ∈ NA we define the domain dom(N) as follows:
dom(λ) = {ok}, dom(L(N1, . . . , Nk)) = {(v1, . . . , vk) | vi ∈ dom(Ni) for i =
1, . . . , k}, i.e., the set of all k-tuples (v1, . . . , vk) with vi ∈ dom(Ni) for all
i = 1, . . . , k, and dom(L[N ]) = {[v1, . . . , vn] | vi ∈ dom(N) for i = 1, . . . , n},
i.e., the set of all finite lists with elements in dom(N). The empty list is denoted
by [ ]. For instance, the domain of Input[λ] is the set of all finite lists consisting
of elements ok, i.e., {[ ], [ok], [ok, ok], . . .}. The nested attribute Input[λ] there-
fore still tells us how long the lists over Input[Level] are. The value ok can be
interpreted as the null value “some information exists, but is currently omitted”.

The replacement of attributes by the null attribute λ decreases the amount of
information modelled. This fact allows one to introduce an order between nested
attributes. The subattribute relation ≤ on the set of nested attributes NA over
U and L is defined by the following rules, and the following rules only: N ≤ N ,
λ ≤ A for all flat attributes A ∈ U , λ ≤ N for all list-valued attributes N ,
L(N1, . . . , Nk) ≤ L(M1, . . . , Mk) whenever Ni ≤ Mi for all i = 1, . . . , k, and
L[N ] ≤ L[M ] whenever N ≤ M . For N, M we say that M is a subattribute of N
if and only if M ≤ N holds. We write M 
≤ N if M is not a subattribute of N ,
and M < N in case M ≤ N and M 
= N .

Lemma 1 ([22]). The subattribute relation is a partial order on nested at-
tributes. ��

Informally, M is a subattribute of N if and only if M comprises at most as much
information as N does. The informal description of the subattribute relation is
formally documented by the existence of a projection function πN

M : dom(N) →
dom(M) in case M ≤ N holds. For M ≤ N the projection function πN

M :
dom(N) → dom(M) is defined as follows:

– if N = M , then πN
M = iddom(N) is the identity on dom(N),

– if M = λ, then πN
λ : dom(N) → {ok} is the constant function that maps

every v ∈ dom(N) to ok,
– if N = L(N1, . . . , Nk) and M = L(M1, . . . , Mk), then πN

M = πN1
M1

×· · ·×πNk

Mk

which maps every tuple (v1, . . . , vk) ∈ dom(N) to (πN1
M1

(v1), . . . , πNk

Mk
(vk)) ∈

dom(M), and
– if N = L[N ′] and M = L[M ′], then πN

M : dom(N) → dom(M) maps every
list [v1, . . . , vn] ∈ dom(N) to the list [πN ′

M ′ (v1), . . . , πN ′

M ′(vn)] ∈ dom(M).

The set Sub(N) of subattributes of N is Sub(N) = {M | M ≤ N}. Note that
Sub(N) is always finite. Lemma 1 shows that the restriction of ≤ to Sub(N)
is a partial order on Sub(N). We study the algebraic structure of Sub(N). A
Brouwerian algebra [29] is a lattice (L, 
, �, �, .−, 1) with top element 1 and a
binary operation .− which satisfies a .−b 
 c iff a 
 b�c for all c ∈ L. In this case,
the operation .− is called the pseudo-difference. The Brouwerian complement ¬a
of a ∈ L is then defined by ¬a = 1 .−a. A Brouwerian algebra is also called a co-
Heyting algebra or a dual Heyting algebra. The system of all closed subsets of a
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topological space is a well-known Brouwerian algebra, see [29]. The join X �N Y ,
meet X�NY and pseudo-difference X .−NY of X and Y in Sub(N) are completely
determined by the subattribute order ≤. We use Y C

N = N .−Y to denote the
Brouwerian complement of Y in Sub(N). The following theorem generalises the
fact that (P(R), ⊆, ∪, ∩, −, ∅, R) is a Boolean algebra for a relation schema R.

Theorem 1 ([22]). (Sub(N), ≤, �N , �N , .−N , N) forms a Brouwerian algebra
for every N ∈ NA. ��

In order to simplify notation, occurrences of λ in a record-valued attribute
are usually omitted if this does not cause any ambiguities. That is, the subat-
tribute L(M1, . . . , Mk) ≤ L(N1, . . . , Nk) is abbreviated by L(Mi1 , . . . , Mil

) where
{Mi1 , . . . , Mil

} = {Mj : Mj 
= λNj and 1 ≤ j ≤ k} and i1 < · · · < il. If
Mj = λNj for all j = 1, . . . , k, then we use λ instead of L(M1, . . . , Mk). The subat-
tribute Halftoning(λ,Input[λ],λ) is abbreviated by Halftoning(Input[λ]).
However, the subattribute L(A, λ) of L(A, A) cannot be abbreviated by L(A)
since this may also refer to L(λ, A). If the context allows, we omit the index N
from the operations �N , �N , .−N , (·)CN and from λN . The Brouwerian algebra for
Halftoning(Brightness,Input[Level],Output[Bit]) is illustrated in Figure 1.

Fig. 1. Brouwerian algebra of Halftoning(Brightness,Input[Level],Output[Bit])

Fundamental to lists is the following fact: if πN
X (t1) = πN

X (t2) and πN
Y (t1) =

πN
Y (t2), then also πN

X�Y (t1) = πN
X�Y (t2) for any t1, t2 ∈ dom(N) [22]. This sug-

gests to focus on join-irreducible elements of (Sub(N), ≤, �, �, λN ). Recall that an
element a of a lattice with bottom element 0 is called join-irreducible if and only
if a 
= 0 and if a = b � c holds for any elements b and c, then a = b or a = c. Let
B(N) denote the set of join-irreducible elements of (Sub(N), ≤, �, �, .−, N), and
BM(N) the maximal elements of B(N) with respect to ≤. The join-irreducibles of
Halftoning(Brightness,Input[Level],Output[Bit]) are circled in Figure 1.

2.2 An Axiomatisation for FDs and MVDs

In this section we repeat previous definitions and results [20, 22].The data model
allows us to introduce a natural extension of the notion of FDs and MVDs from
the relational data model.

A functional dependency (FD) on the nested attribute N is an expression
of the form X → Y where X, Y ∈ Sub(N). A set r ⊆ dom(N) satisfies the
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functional dependency X → Y on N , denoted by |=r X → Y , if and only if
πN

Y (t1) = πN
Y (t2) whenever πN

X (t1) = πN
X (t2) for any t1, t2 ∈ r holds. A mul-

tivalued dependency (MVD) on N is an expression of the form X � Y where
X, Y ∈ Sub(N). A set r ⊆ dom(N) satisfies the multivalued dependency X � Y
on N if and only if for all values t1, t2 ∈ r with πN

X (t1) = πN
X (t2) there is a value

t ∈ r with πN
X�Y (t) = πN

X�Y (t1) and πN
X�Y C (t) = πN

X�Y C (t2).
The constraints on Halftoning(Brightness,Input[Level],Output[Bit]), in-

formally described in the introduction, can now be formalised (using abbrevia-
tions) as:

Halftoning(Input[λ]) → Halftoning(Output[λ]),
Halftoning(Output[λ]) → Halftoning(Input[λ]), and

Halftoning(Brightness,Input[λ]) � Halftoning(Input[Level]).

Fagin proves [14] that relational MVDs “provide a necessary and sufficient con-
dition for a relation to be decomposable into two of its projections without loss
of information (in the sense that the original relation is guaranteed to be the join
of the two projections).” Let N ∈ NA and X, Y ∈ Sub(N). Let r1 ⊆ dom(X)
and r2 ⊆ dom(Y ). Then r1 �� r2 = {t ∈ dom(X � Y ) | there are t1 ∈ r1, t2 ∈
r2 with πX�Y

X (t) = t1 and πX�Y
Y (t) = t2} is called the generalised join r1 �� r2

of r1 and r2. The projection πX(r) of r ⊆ dom(N) on X ∈ Sub(N) is defined
as {πN

X (t) | t ∈ r}.

Theorem 2 ([22]). Let N ∈ NA, and r ⊆ dom(N). Then is X � Y satisfied
by r if and only if r = πX�Y (r) �� πX�Y C (r). If r satisfies the FD X → Y , then
r = πX�Y (r) �� πX�Y C(r). ��

The notions of implication (|=) and derivability (�R) with respect to a set R of in-
ference rules for a class C of dependencies can be defined analogously to the notions
in relational databases [1–pp. 164-168]. Note that finite and unrestricted implica-
tion coincide for functional and multivalued dependencies, even in the presence of
lists [22]. The notions of soundness and completeness for a set R of inference rules
carry over as well. A dependency σ on some nested attribute N is called trivial if
and only if |=r σ for every r ⊆ dom(N). An FD X → Y on N is trivial iff Y ≤ X
holds, and an MVD X � Y on N is trivial iff Y ≤ X or X � Y = N holds. Note
that X�Y = N iff Y C ≤ X . A complete set of inference rules is said to be minimal
if and only if none of its rules can be omitted without losing completeness.

Theorem 3 ([20, 22]). The following inference rules

X → Y
Y ≤ X

X → Y

X → X � Y

X → Y, Y → Z

X → Z
(reflexivity axiom) (extension rule) (transitivity rule)

X → Y

X � Y

X � Y, Y → Z

X → (Z .−Y )
X � Y

X → Y � Y C
(implication rule) (mixed pseudo-transitivity rule) (mixed meet rule)

X � Y, Y � Z

X � (Z .−Y )
X � Y

X � Y C
X � Y, X � Z

X � (Y � Z)
(pseudo-transitivity rule) (Brouwerian complement rule) (multivalued join rule)
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are minimal, sound and complete for the implication of FDs and MVDs in the
presence of records and lists. ��

Keys play a central role in the retrieval of information because they provide a
method by which an element of a database may be identified.

Definition 1. Let N ∈ NA be a nested attribute and Σ a set of FDs and MVDs
on N . A subattribute X ∈ Sub(N) is called a superkey for N with respect to Σ
if and only if Σ |= X → N holds. In case there is not any proper subattribute
X ′ < X which is also a superkey for N with respect to Σ, we call X a minimal
key for N with respect to Σ. ��

X ∈ Sub(N) is a superkey if and only if X → N ∈ Σ+ by Theorem 3. If
|=r Σ for some r ⊆ dom(N) and X is a superkey for N , then t1 = t2 whenever
πN

X (t1) = πN
X (t2) for any t1, t2 ∈ r. Furthermore, X is a superkey for N if and

only if X+ = N where X+ =
⊔

{Z | X → Z ∈ Σ+}. An FD X → N ∈ Σ∗ is
called a key dependency on N with respect to Σ if and only if X is a minimal
key for N with respect to Σ. The set of all key dependencies is denoted by Σkey.

3 The Nested List Normal Form

In this section we will investigate normalisation issues in the presence of records
and lists in terms of FDs and MVDs. This will extend previous work in which
only FDs have been considered [21].

3.1 Three Notions of Redundancy

In relational databases the definition of redundancy is based on viewing FDs and
MVDs not only as integrity constraints on a relation, but also as representing
the fundamental units of information for retrieving and updating the data in
a relation. This interpretation of the semantics of the information stored in a
relation was implicit in the original study of normalisation by Codd [12], and
has since been used in many aspects of database theory. A relation schema is
defined to be redundant with respect to a given set of FDs and MVDs if there
exists a relation over the schema which satisfies all these FDs and MVDs and
which has at least two tuples which are identical on a fact. If we formalise this
notion of redundancy [6] in the framework of nested attributes, then we obtain
the following definition. A nested attribute N is redundant with respect to a
set Σ of FDs and MVDs on N if and only if there is some r ⊆ dom(N) with
|=r Σ and there are some t1, t2 ∈ r with t1 
= t2 and πN

X�Y (t1) = πN
X�Y (t2)

for some X → Y ∈ Σ or some X � Y ∈ Σ which is not trivial. Intuitively,
this notion of redundancy seems to make perfect sense. Take a look at the
FD Halftoning(Input[λ]) → Halftoning(Output[λ]). This is a non-trivial
FD. The elements (1

2 , [0, 1
2 ], [0, 0]) and (1, [0, 1], [0, 1]) coincide on Halfton-

ing(Input[λ],Output[λ]), i.e., the FD causes some redundancy according to the
definition above. This example shows that our current definition of redundancy
is not really appropriate anymore. That is, the FD Halftoning(Input[λ]) →



The Nested List Normal Form for Functional and Multivalued Dependencies 145

Halftoning(Output[Bit]) is not satisfied by the two elements above and, con-
sequently, redundancy would need to be defined in terms of the non-maximal
join-irreducible Halftoning(Output[λ]). This, however, appears to be impos-
sible as the information in Halftoning(Output[λ]) will always be contained
in Halftoning(Output[Bit]). The point here is that the information in a non-
maximal join-irreducible Y cannot be separated from the information in any
maximal join-irreducible Z with Y ≤ Z. We will see further evidence for this in
Section 4. This motivates the following definition.

Definition 2. Let N ∈ NA be a nested attribute and Σ a set of FDs and MVDs
on N . Let Σinev ⊆ Σ+ denote the union of all X → Y ∈ Σ+ where Y ≤ X or
Y ∈ B(N) − BM(N) holds, and all X � Y ∈ Σ+ where Y ≤ X or Y C ≤ X
or Y ∈ B(N) − BM(N) holds. The FDs (MVDs) of the closure Σ+

inev of Σinev
under inference with respect to the inference rules from Theorem 3 are called
inevitable FDs (MVDs) on N with respect to Σ. ��

The following lemma characterises inevitable dependencies which are derivable
from a given set of FDs and MVDs.

Lemma 2. Let N ∈ NA, Σ a set of FDs and MVDs on N . If X → Y ∈ Σ+,
then X → Y ∈ Σ+

inev if and only if Y CC ≤ X. If X � Y ∈ Σ+, then X � Y ∈
Σ+

inev if and only if Y CC ≤ X or Y C ≤ X.

Proof (Sketch). In order to show that X → Y ∈ Σ+
inev implies Y CC ≤ X , and

that X � Y ∈ Σ+
inev implies Y CC ≤ X or Y C ≤ X , one can proceed by induction

on the inference length using the inference rules from Theorem 3. The remaining
direction is a matter of applying some of these inference rules as well. ��

Thus, trivial FDs and MVDs are always inevitable on N with respect to any Σ,
but not vice versa. We are now prepared to define a better notion of redundancy
for nested attributes in terms of FDs and MVDs.

Definition 3. Let Σ be a set of FDs and MVDs on the nested attribute N . We
call N type-1 redundant with respect to Σ if and only if there is some r ⊆ dom(N)
with |=r Σ and there are some distinct t1, t2 ∈ r with πN

X�Y (t1) = πN
X�Y (t2) for

some FD X → Y ∈ Σ that is not inevitable on N with respect to Σ or some
MVD X � Y ∈ Σ that is not inevitable on N with respect to Σ . ��

Definition 3 allows the set of facts to be the subattributes in all the FDs and
MVDs which are not inevitable in a user-supplied set of dependencies Σ. How-
ever, one may also recognise the symmetrical nature of MVDs and so allow the
subattributes in any MVD that can be derived from any MVD in Σ and succes-
sive applications of the Brouwerian-complement rule to also be a fact. Finally,
the last possibility is to include inferred dependencies and allow subattributes in
any FD or MVD that is not inevitable and implied by Σ to be a fact. Intuitively,
one would expect that the notion of redundancy is independent of which of these
facts is chosen but in general this is not the case, and the proof is by no means
immediate. Let Σ′ denote the smallest set with the following properties: Σ ⊆ Σ′

and X � Y C ∈ Σ′ whenever X � Y ∈ Σ′.
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Definition 4. Let N be a nested attribute and Σ a set of FDs and MVDs
on N . We call N type-2(3) redundant with respect to Σ if and only if there
is some r ⊆ dom(N) with |=r Σ and there are some distinct t1, t2 ∈ r with
πN

X�Y (t1) = πN
X�Y (t2) for some FD X → Y ∈ Σ′(Σ+) which is not inevitable on

N with respect to Σ or some MVD X � Y ∈ Σ′(Σ+) which is not inevitable
on N with respect to Σ. ��

Let N = L(A, B, C) and Σ = {L(A) � L(B), L(B) → L(A, C)}. The only
minimal key is L(B). From L(A) � L(B) and the Brouwerian-complement rule
follows that L(A) � L(A, C) is in Σ′ and therefore also in Σ+. The instance r =
{(a, b1, c), (a, b2, c)} with distinct b1, b2 ∈ dom(B) satisfies Σ and the projections
of both elements on L(A, C) are identical. It follows that N is type-2 and type-
3 redundant with respect to Σ. However, N is not type-1 redundant as every
dependency in Σ contains the subattribute L(B) and no instance over N can
have duplicates on a dependency in Σ.

3.2 The Proposal

Fourth normal form (4NF,[14]) has been introduced as an extension of Boyce-
Codd normal form (BCNF) and has been intensely studied. A relation schema
R is in 4NF with respect to a set Σ of FDs and MVDs defined on R if and only
if every X � Y ∈ Σ∗ is trivial or X is a superkey for R with respect to Σ.

Definition 5. Let Σ be a set of FDs and MVDs on the nested attribute N . We
say that N is in Nested List Normal Form (NLNF) with respect to Σ if and
only if every X � Y ∈ Σ+ is an inevitable dependency on N with respect to Σ
or X is a superkey for N with respect to Σ. ��

Note that NLNF generalises 4NF from relational databases. In fact, every in-
evitable dependency on the record-valued attribute R(A1, . . . , An) must be triv-
ial since the join-irreducibles of R(A1, . . . , An) form an anti-chain with respect
to ≤.

One may define N to be in Nested List Fourth Normal Form (NL4NF) with
respect to Σ if and only if every X � Y ∈ Σ+ is a trivial dependency on N with
respect to Σ or X is a superkey for N with respect to Σ. In this case, NL4NF
also extends 4NF from relational databases and implies NLNF as every trivial
dependency is also inevitable. However, NLNF is strictly weaker than NL4NF
as there are, in general, inevitable dependencies which are not trivial. NLNF for
FDs and MVDs subsumes the NLNF for FDs only [21].

Halftoning(Brightness,Input[Level],Output[Bit]) is not in NLNF with re-
spect to the set Σ of dependencies previously specified. The MVD Halfton-

ing(Brightness,Input[λ]) � Halftoning(Input[Level]) is neither inevitable
nor is Halftoning(Brightness,Input[λ]) a superkey with respect to Σ.

3.3 Characterising NLNF

Given some nested attribute N and some set Σ of FDs and MVDs on N , how
can we verify that N is in NLNF? By Definition 5 one needs to inspect every
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X � Y derivable from Σ, i.e., every X � Y in Σ+ must be inevitable or X
must be a superkey. However, an inspection of every dependency in Σ suffices.

Theorem 4. Let Σ be a set of FDs and MVDs on the nested attribute N . N is
in NLNF with respect to Σ if and only if for every X → Y ∈ Σ or X � Y ∈ Σ
which is not inevitable on N with respect to Σ, the left-hand side X is a superkey
for N with respect to Σ.

Proof (Sketch). One can show the following result using the inference rules from
Theorem 3. For any X � W or X → W in Σ+ which is not inevitable on N with
respect to Σ, there is some X ′ � Y or X ′ → Y in Σ with X ′ ≤ X �

⊔
{Z �ZC |

X � Z ∈ Σ+} which is not inevitable on N with respect to Σ.
Suppose N is not in NLNF with respect to Σ. Then there is some X � Y ∈

Σ+ which is not inevitable and where X is not a superkey for N with respect to
Σ. The result above shows that there is some X ′ → Y ′ or X ′ � Y ′ in Σ which
is not inevitable and where X ′ ≤ X �

⊔
{Z � ZC | X � Z ∈ Σ+} holds. The

mixed meet rule guarantees that X ′ ≤ X+ and therefore X → X ′ ∈ Σ+. Since
X is not a superkey for N with respect Σ, neither can X ′ be.

The remaining direction is a consequence of Σ ⊆ Σ+ and the implication
rule. ��

We will now give another characterisation of NLNF. The result extends a clas-
sical result for relational databases [15]. In order to verify whether an instance
over N in NLNF satisfies all dependencies it is sufficient to verify that all key
dependencies and all inevitable dependencies are satisfied. Unlike the relational
case where it is enough to look at all key dependencies for a relation schema in
4NF, one still needs to deal with all inevitable dependencies that are not trivial
when a nested attribute in NLNF is given.

Theorem 5. Let N be a nested attribute and Σ a set of FDs and MVDs on
N . N is in NLNF with respect to Σ if and only if every r ⊆ dom(N) with
|=r Σkey ∪ Σ+

inev implies |=r Σ.

Proof (Sketch). It is not difficult to see that the existence of some r ⊆ dom(N)
with |=r Σkey ∪ Σ+

inev and 
|=r Σ implies the violation of the NLNF condition.
Suppose N is not in NLNF with respect to Σ. Let X � Y ∈ Σ+ be not

inevitable and X not be a superkey for N with respect to Σ. One can show that
there is some r ⊆ dom(N) with |=r Σkey ∪ Σ+

inev and 
|=r Σ. In fact, one defines
X+

inev =
⊔

{Z | X → Z ∈ Σ+
inev} and chooses r ⊆ dom(N) with r = {t, t′} such

that
πN

W (t) = πN
W (t′) if and only if W ≤ X+

inev.

Note that such t, t′ can always be constructed [22, Lemma 3.2]. ��

3.4 Type-2 and Type-3 Redundancy

We have seen that Halftoning(Brightness,Input[Level],Output[Bit]) is not
in NLNF. So far, this means only that the schema does not satisfy a syntactic
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condition with respect to the given set of dependencies. In this section we show
the equivalence of NLNF to several semantic design desiderata. This will reveal
what NLNF actually achieves.

The first semantic justification of Nested List Normal Form is that a nested
attribute N is in NLNF with respect to a given set Σ of FDs and MVDs precisely
if N is not type-3 redundant with respect to Σ.

Theorem 6. Let Σ be a set of FDs and MVDs on the nested attribute N . Then
is N in NLNF with respect to Σ if and only if N is not type-3 redundant with
respect to Σ.

Proof (Sketch). It is not difficult too see that type-3 redundancy implies the
violation of the NLNF condition. Suppose N is not type-3 redundant with respect
to Σ, and X � Y ∈ Σ+ is not inevitable with respect to Σ. We sketch that X
is a superkey for N with respect to Σ. As N is not type-3 redundant we have
t1 = t2 for all t1, t2 ∈ r ⊆ dom(N) with |=r Σ and πN

X�Y (t1) = πN
X�Y (t2). It

follows that X � Y is a superkey for N with respect to Σ. One can show that
X → Y C ∈ Σ+, and X → Y C is not inevitable with respect to Σ. It follows
that X � Y C is a superkey for N with respect to Σ. Otherwise it is possible to
construct some r ⊆ dom(N), | r |≥ 2 with |=r Σ and for all distinct t1, t2 ∈ r
we have πN

X�Y C(t1) = πN
X�Y C (t2) contradicting the fact that N is not type-3

redundant with respect to Σ. Consequently, X is a superkey for N with respect
to Σ. ��

The two notions of type-2 and type-3 redundancy coincide.

Theorem 7. Let Σ be a set of FDs and MVDs on the nested attribute N . Then
is N type-2 redundant with respect to Σ if and only if N is type-3 redundant
with respect to Σ.

Proof (Sketch). Type-2 redundancy implies type-3 redundancy as Σ′ ⊆ Σ+. We
sketch that if N is not type-2 redundant, then it is also not type-3 redundant.
If X � Y or X → Y ∈ Σ′ is not inevitable, then one can show that X � Y is a
superkey for N with respect to Σ. Consider every dependency in Σ′ that is not
inevitable with respect to Σ:

– for an FD X → Y we infer that X must be a superkey for N with respect
to Σ,

– for an MVD X � Y we also have X � Y C ∈ Σ′. Consequently, both X �Y
and X � Y C are superkeys for N with respect to Σ, and one can show that
both X → Y C , X → Y CC ∈ Σ+. That gives X → N ∈ Σ+, i.e., X is a
superkey for N with respect to Σ.

Since Σ ⊆ Σ′ holds, the left-hand side of every dependency in Σ which is not
inevitable with respect to Σ is a superkey for N . Theorem 4 shows that N is in
NLNF with respect to Σ and we conclude that N is not type-3 redundant with
respect to Σ by Theorem 6. ��
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It follows that the notion of type-2 redundancy is invariant under different choices
of equivalent sets of FDs and MVDs.

Corollary 1. Let N ∈ NA, and Σ and Θ two equivalent sets of FDs and MVDs
on N . Then N is type-2 redundant with respect to Σ if and only if N is type-2
redundant with respect to Θ. ��

3.5 Type-1 Redundancy

Unlike type-2 and type-3 redundancy, type-1 redundancy does depend on the
choice of equivalent sets of dependencies. We will now characterise type-1 re-
dundancy syntactically.

Theorem 8. Let Σ be a set of FDs and MVDs on the nested attribute N . Then
the following conditions are equivalent:

1. N is not type-1 redundant with respect to Σ,
2. for every X � Y and X → Y in Σ which is not inevitable on N with respect

to Σ the subattribute X � Y is a superkey for N with respect to Σ, and
3. for every X � Y and X → Y in Σ which is not inevitable on N with respect

to Σ we have X → Y C ∈ Σ+. ��

Let N = L(A, B, C), Σ = {L(A) � L(B), L(B) → L(A, C)}, and Θ = {L(A) �
L(C), L(B) → L(A, C)}. L(B) is the only minimal key with respect to Σ and Θ,
and Σ and Θ are equivalent sets of FDs and MVDs. N is not type-1 redundant
with respect to Σ since every X � Y and every X → Y in Σ satisfies L(B) ≤
X � Y . However, N is type-1 redundant with respect to Θ since A � C is not a
superkey on N with respect to Σ.

3.6 Pure MVDs

We will now provide a sufficient condition under which the different types of
redundancies are equivalent. Let Σ be a set of FDs and MVDs defined on the
nested attribute N . An MVD X � Y ∈ Σ is called pure if and only if nei-
ther X → Y nor X → Y C are in Σ+. Pure MVDs are not inevitable on N
with respect to Σ. The set Σ is called pure if and only if every MVD in Σ is
pure.

Pure MVDs reflect pure multivalued information and can therefore not be
captured by FDs. A set Σ of MVDs and FDs contains at least one pure MVD if
and only if Σ is not equivalent to a set of FDs.

Theorem 9. If N ∈ NA and Σ is a pure set of FDs and MVDs on N , then N
is type-1 redundant if and only if N is type-3 redundant. ��

Corollary 2. Let N ∈ NA, and Σ be a pure set of FDs and MVDs on N . If N
is type-1 redundant with respect to Σ, then is N type-1 redundant with respect
to any set Θ of FDs and MVDs on N that is equivalent to Σ. ��
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3.7 Value Redundancy

The previously introduced notions of redundancy have one major deficiency in
common. They all depend on the syntactic structure of FDs and MVDs mak-
ing it difficult to further generalise those notions to other types of dependencies
or adapting those definitions to other data models. In relational databases the
notion of value redundancy has been introduced to overcome those deficiencies
[35]. The occurrence of some flat attribute value in some flat relation is redun-
dant if it can be derived from other data values in that relation and the set of
dependencies which apply to that relation. A relation schema R is redundant if
there exists a legal R-relation which contains an occurrence of a flat attribute
value such that any change to this occurrence results in the violation of at least
one dependency.

Care must be taken when this notion of value-redundancy is generalised to
the presence of lists. Consider for instance the list-valued nested attribute Out-

put[Bit] together with the element [0, 1, 1, 1] which has projection [ok, ok, ok, ok]
on the subattribute Output[λ]. Then, the value occurrence [ok, ok, ok, ok] can-
not be changed without affecting the list [0, 1, 1, 1]. On the other hand, arbitrary
changes to [0, 1, 1, 1] may also affect the projection [ok, ok, ok, ok]. An alteration
of the number of the elements in [0, 1, 1, 1], e.g. removing the last two elements
results in [0, 1], and also results in a different projection, [ok, ok] in this case.

In general, changes to the value πN
Y (t) on a join-irreducible Y will cause a

change of values πN
Z (t) on any join-irreducible Z with Y ≤ Z. It is therefore

advisable to consider only value occurrences πN
M (t) on maximal join-irreducibles

M ∈ BM(N). Thus, the role that flat attributes played in the definition of value
redundancy in relational databases, is now taken by maximal join-irreducibles in
the context of lists. Moreover, we will not consider arbitrary changes to πN

M (t),
but only those which do not cause any changes to πN

W (t) for all W < M . We call
the replacement of some data value πN

M (t) by m ∈ dom(M) admissible if and
only if πN

W (t) = πM
W (m) for all W < M .

Definition 6. Let N ∈ NA, M ∈ BM(N), Σ a set of dependencies on N ,
r ⊆ dom(N) and t ∈ r. The data value occurrence πN

M (t) is redundant if and
only if for every admissible replacement of πN

M (t) by a value m with πN
M (t) 
= m

that results in the modified instance r′ ⊆ dom(N) we have 
|=r′ Σ. ��

The last definition extends the notion of value-redundancy from the relational
case [35]. In the presence of records only, the join-irreducibles form an anti-chain
with respect to Σ and, consequently, every join-irreducible is maximal and all
replacements are admissible. Consider the following legal snapshot of 6 tuples

(1
2 , [0, 1

2 ], [0, 0]), (1
2 , [0, 1

2 ], [0, 1]), (1
2 , [0, 1

2 ], [1, 0])
(1
2 , [12 , 0], [0, 0]), (1

2 , [12 , 0], [0, 1]), (1
2 , [12 , 0], [1, 0])

over Halftoning(Brightness,Input[Level],Output[Bit]). The admissible re-
placements of [0, 0] are [0, 1], [1, 0], [1, 1]. The data value occurrence of any of
these 6 tuples projected on Halftoning(Input[Level]) is redundant as every
admissible replacement of such an occurrence leads to a violation of the MVD
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Halftoning(Brightness,Input[λ]) � Halftoning(Input[Level]).

The same applies to the data value occurrences of any tuple projected on
Halftoning(Output[Bit]).

The nested attribute N is in Value Redundancy Free Normal Form (VRFNF)
with respect to a set Σ of dependencies defined on N if and only if there does
not exist r ⊆ dom(N) with |=r Σ which contains a data value occurrence that
is redundant.

Theorem 10. Let Σ be a set of FDs and MVDs on the nested attribute N . Then
N is in VRFNF with respect to Σ if and only if N is in NLNF with respect to Σ.

Proof (Sketch). We sketch first that if N is not in VRFNF with respect to
Σ, then N is also not in NLNF with respect to Σ. If N is not in VRFNF with
respect to Σ, then there is some r ⊆ dom(N), some t ∈ r and some M ∈ BM(N)
such that every admissible replacement of πN

M (t) results in a modified instance
violating Σ. That is, if πN

M (t) is changed to a value m′ such that m′ /∈ πM (r) =
{πN

M (s) : s ∈ r}, resulting in the new element t′ and the modified instance
r′ = (r − {t}) ∪ {t′}, then 
|=r′ Σ. One can now show that a violation of some
FD or MVD in Σ by r′ implies a violation of the NLNF condition. We omit the
details.

If N is not in NLNF with respect to Σ, then there is some X � Y ∈ Σ+

which is not inevitable on N with respect to Σ and where X is not a superkey for
N with respect to Σ. In the following let DepB(X) denote the dependency basis
of X with respect to Σ [22]. Let DepB(X) = {W0,1, . . . , W0,m, W1, . . . , Wk}
with W0,i ≤ X+ and Wj 
≤ X+ for i = 1, . . . , m and j = 1, . . . , k. Since X is
not a superkey for N with respect to Σ, there is some Wj ∈ DepB(X) with
Wj 
≤ X+ < N . One can show that there is some r = {t, t′} ⊆ dom(N) with
|=r Σ and πN

W (t) = πN
W (t′) iff W ≤ X+ �

⊔
{Wn : n 
= j}. Suppose there is some

M ∈ BM(N) with M 
≤ X , but M ≤ X+. Then πN
M (t) and πN

M (t′) are both
redundant: changing one of these values results in a violation of X → X+ ∈ Σ+

which is not inevitable on N with respect to Σ.
Alternatively, (X+)CC ≤ X . Assume there is only one Wj ∈ DepB(X) with

Wj 
≤ X+. X � Y ∈ Σ+ implies that Y is the join over some elements of
DepB(X) and as X � Y ∈ Σ+ is not inevitable on N with respect to Σ we
have Y CC 
≤ X . This leaves us with Wj ≤ Y and thus N = X �Wj ≤ X �Y , i.e.,
N = X�Y . This, however, is a contradiction since X � Y ∈ Σ+ is not inevitable
on N with respect to Σ. We therefore have two distinct Wi, Wj ∈ DepB(X).
Consequently, for all M ∈ BM(N) with M ≤ Wi (at least one such M exists) the
values πN

M (t) and πN
M (t′) are redundant since changing any one of these values

results in the violation of X � Wi ∈ Σ+. Therefore, N is not in VRFNF with
respect to Σ. ��

Since NLNF for FDs and MVDs reduces to NLNF for FDs if only FDs are
present, Theorem 10 shows that NLNF for FDs is the exact condition required
to avoid value redundancy when only FDs are present. This extends previous
results [21] where value redundancy had not been considered at all.
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It also follows that value redundancy is equivalent to type-2 and type-3 re-
dundancy, and equivalent to type-1, type-2 and type-3 redundancy whenever Σ
is a pure set of FDs and MVDs.

3.8 Strong Update Anomalies

In the relational model of data a relation schema in 4NF does not have any
update anomalies. This is another justification why relation schemata should be
in 4NF [35]. The next example reveals a surprising fact. Consider

Halftoning(Brightness,Input[λ],Output[Bit])

which is in NLNF with respect to the FD

Halftoning(Input[λ]) → Halftoning(Output[λ])

and therefore free of any form of redundancies. Say a simple database consists
of the single element (1

2 , [ok, ok], [0, 1]) and the element (1
2 , [ok, ok], [0, 0, 0, 0])

happens to be inserted. Then all key dependencies are trivially satisfied by the
new relation, but the FD

Halftoning(Input[λ]) → Halftoning(Output[λ])

is violated. This example shows that, in general, the absence of redundancy for
a nested attribute does not imply the absence of insertion anomalies. There-
fore, it cannot be expected that nested attributes in NLNF do not have update
anomalies. We define, however, strong update anomalies in the context of nested
attributes. The main difference to the relational case is that updated relations
which define any strong anomaly do not only satisfy all key dependencies on the
nested attribute, but also all inevitable dependencies.

Definition 7. Let Σ be a set of FDs and MVDs on the nested attribute N .

1. We say that N has a strong insertion anomaly with respect to Σ if and
only if there is some r ⊆ dom(N) with |=r Σ and some t /∈ r with |=r∪{t}
Σkey ∪ Σ+

inev, but 
|=r∪{t} Σ.
2. We say that N has a strong deletion anomaly with respect to Σ if and

only if there is some r ⊆ dom(N) with |=r Σ and some t ∈ r with |=r−{t}
Σkey ∪ Σ+

inev, but 
|=r−{t} Σ.
3. We say that N has a strong replacement anomaly

– of type 1 with respect to Σ if and only if there is some r ⊆ dom(N) with
|=r Σ and some t ∈ r and t′ ∈ dom(N) with πN

K (t) = πN
K (t′) for some

minimal key K on N and |=r−{t}∪{t′} Σkey ∪ Σ+
inev and 
|=r−{t}∪{t′} Σ

hold.
– of type 2 with respect to Σ if and only if there is some r ⊆ dom(N)

with |=r Σ and some t ∈ r and t′ ∈ dom(N) with πN
K (t) = πN

K (t′) for
some distinguished minimal key K on N and |=r−{t}∪{t′} Σkey ∪ Σ+

inev
and 
|=r−{t}∪{t′} Σ hold.
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– of type 3 with respect to Σ if and only if there is some r ⊆ dom(N)
with |=r Σ and some t ∈ r and t′ ∈ dom(N) with πN

K (t) = πN
K (t′) for all

minimal keys K on N and |=r−{t}∪{t′} Σkey ∪ Σ+
inev and 
|=r−{t}∪{t′} Σ

hold. ��
If updates only alter values on maximal join-irreducibles and keep values on non-
maximal join-irreducibles fixed, then only key dependencies need to be checked.
Otherwise, one also needs to check all inevitable dependencies that are not trivial.
The next theorem generalises a well-known result from relational databases [15].

Theorem 11. Let Σ be a set of FDs and MVDs on the nested attribute N .
Then is N in NLNF with respect to Σ if and only if N does not have any strong
insertion anomaly with respect to Σ. ��
While it is relatively easy to see that a nested attribute in NLNF does not have
any strong update anomalies, the absence of a strong update anomaly does not
necessarily imply NLNF. For strong deletion anomalies we obtain the following
result.

Theorem 12. Let Σ be a set of FDs and MVDs on the nested attribute N . N
does not have any strong deletion anomaly with respect to Σ if and only if Σ is
equivalent to a set of FDs.

Proof (Sketch). If Σ is equivalent to a set ΣF of FDs, then no deletion anomaly
with respect to ΣF can occur. Since strong deletion anomalies are invariant under
different choices of covers, it follows that no deletion anomaly with respect to Σ
can occur. Hence, N does not have any strong deletion anomaly with respect to Σ.

If N is not equivalent to a set of FDs one can show that there is some pure
MVD X � Y in Σ. Then there is some r ⊆ dom(N) with |=r Σ and four distinct
elements t1, t2, t3, t4 ∈ r with πN

X (t1) = πN
X (t2) = πN

X (t3) = πN
X (t4), πN

W1
(t1) =

πN
W1

(t3), πN
W1

(t2) = πN
W1

(t4), πN
W2

(t1) = πN
W2

(t4) and πN
W2

(t2) = πN
W2

(t3) such
that W1, W2 ∈ DepB(X) are distinct and Wi 
≤ X+ for i = 1, 2. However, r has
a deletion anomaly since deleting any of the four elements from r results in a
violation of X � Wi ∈ Σ+ which is not inevitable on N with respect to Σ and
where X is not a superkey for N with respect to Σ. Consequently, there is some
X ′ � Y ′ in Σ which is not inevitable and where X ′ ≤ X �

⊔
{Z � ZC | X �

Z ∈ Σ+} holds. The mixed meet rule guarantees that X ′ ≤ X+ and therefore
X → X ′ ∈ Σ+. Since X is not a superkey for N with respect to Σ, neither can
X ′ be. ��
It is the subject of future research to study the relationship between the various
forms of strong replacement anomalies and NLNF. We conjecture that the results
for strong replacement anomalies will be similar to those established for 4NF and
key-based (fact-based) replacement anomalies in case of relational databases [35].

4 NLNF Decomposition

So far we have proposed the Nested List Normal Form as a desirable normal form
that we aim to achieve in a database. We now tackle the problem of how to obtain
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NLNF. Theorem 2 indicates that an extension of the relational decomposition
approach [12, 17] can be applied to NLNF. Given some nested attribute N and
a set Σ of FDs and MVDs defined on N , the decomposition approach aims
at finding a set of subattributes of N each of which is in NLNF with respect
to the corresponding set of all implied FDs and MVDs on that subattribute.
Moreover, any instance of N that satisfies Σ is the generalised natural join of
all its projections on the subattributes, i.e., every valid database on N can be
decomposed without loss of information.

Definition 8. Let N ∈ NA, N1, . . . , Nk ∈ Sub(N), and Σ a set of FDs and
MVDs defined on N . The set {N1, . . . , Nk} is called a lossless join decomposition
of N with respect to Σ if and only if N =

⊔
{N1, . . . , Nk} and r = πN1(r) ��

· · · �� πNk
(r) holds for all r ⊆ dom(N) with |=r Σ. The set {N1, . . . , Nk} is a

lossless NLNF (NL4NF) decomposition of N with respect to Σ if and only if
{N1, . . . , Nk} is a lossless join decomposition of N with respect to Σ and Ni is
in NLNF (NL4NF) with respect to πNi(Σ+) for every i = 1, . . . , k, and where
πM (Σ) = {X → Y ∈ Σ | X � Y ≤ M} ∪ {X � Y � M ∈ Σ | X ≤ M}. ��

We will now show that it is possible to obtain a lossless NLNF decomposi-
tion for any given nested attribute N and any given set of FDs and MVDs
on N . Whenever an MVD in the current state of the output schema vio-
lates NLNF, the decomposition algorithm removes the cause for this viola-
tion of NLNF by replacing the offending parent subattribute by two of its
proper child subattributes which can be joined losslessly to reconstruct their
parent.

Algorithm 1 (Lossless NLNF decomposition)

Input: N ∈ NA, set Σ of FDs and MVDs on N

Output: set S = {(N1, Σ1), . . . , (Nk, Σk)} where Σi is set of FDs and
MVDs on Ni ∈ Sub(N) and {N1, . . . , Nk} is lossless NLNF decomposition
of N with respect to Σ

Method:

VAR X, Y, N1, N2 ∈ Sub(N)
DECOMPOSE(N ,Σ)
(1) BEGIN
(2) IF N in NLNF wrt Σ, THEN S := {(N, Σ)};
(3) ELSE
(4) LET X � Y ∈ Σ be not inevitable on N wrt Σ and Σ 
|= X → N ;
(5) N1 := X � Y ;
(6) N2 := X � Y C ;
(7) S := DECOMPOSE(N1, πN1(Σ+))∪DECOMPOSE(N2, πN2(Σ+));
(8) ENDIF;
(9) RETURN(S);
(10) END; ��
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Theorem 13. Algorithm 1 is correct. ��

For relational databases it is well-known that any relation schema with any set
of FDs and MVDs defined on it, can be decomposed into subschemata that are
all in 4NF with respect to the projected sets of FDs and MVDs. In the presence
of lists, however, the situation is different. The next result is further evidence
that a simple extension of 4NF to NL4NF is too strong.

Theorem 14. There are nested attributes N and sets Σ of FDs and MVDs on
N for which no lossless NL4NF-decomposition exists.

Proof. Let N = L[A] and Σ = {λ � L[λ]}. The MVD is not trivial and λ
is not a superkey for N with respect to Σ. Consequently, N is not in NL4NF
with respect to Σ. However, any decomposition of L[A] must contain the nested
attribute L[A] itself. Therefore, no lossless NL4NF decomposition of L[A] with
respect to Σ exists. ��

Algorithm 1 generalises the well-known 4NF decomposition algorithm for re-
lational databases, see for instance [27–p.270]. It follows that the NLNF de-
composition algorithm causes at least as many computational problems as its
relational counterpart (,e.g. running time and dependency-preservation). How-
ever, the problems do not become harder in the presence of lists. Due to lack of
space we cannot go into further details. The 4NF-decomposition from [17] may
indicate how to improve the NLNF decomposition according to its running time.

We continue the example from digital halftoning. The MVD

Halftoning(Brightness,Input[λ]) � Halftoning(Input[Level])

is neither inevitable nor is Halftoning(Brightness,Input[λ]) a superkey. A first
decomposition yields

N1=Halftoning(Brightness,Input[Level],λ) and
N ′

2=Halftoning(Brightness,Input[λ],Output[Bit]).

The nested attribute N1 is in NLNF with respect to πN1(Σ). The attribute N ′
2

carries the inevitable FD Halftoning(Input[λ]) → Halftoning(Output[λ]),
and the FD Halftoning(Output[λ]) → Halftoning(Input[λ]) which is not
inevitable on N ′

2. A further decomposition of N ′
2 gives

Halftoning(Brightness,Input[Level])

Halftoning(Brightness,Output[Bit])

Halftoning(Brightness,Input[Level],Output[Bit])

λ λ

λHalftoning(Brightness,Input[   ],Output[Bit])

Halftoning(Input[   ],Output[   ])

Fig. 2. Decomposition Tree for the Halftoning Example



156 S. Hartmann and S. Link

N2=Halftoning(Brightness,λ,Output[Bit]) and
N3=Halftoning(λ,Input[λ],Output[λ])

which are in NLNF with respect to πN2(Σ) and πN3(Σ), respectively.
Since Halftoning(Brightness,Input[Level],Output[Bit]) is not in NLNF

with respect to Σ, and Σ is pure, the schema is redundant in every sense of
notions that have been provided here. It also means that the schema carries
strong insertion and deletion anomalies. The decomposition approach suggests
to store the information in three separate schemata N1, N2 and N3 which are all
in NLNF with respect to the projected sets of FDs and MVDs.

5 Related and Future Work

We have proposed a suitable extension of 4NF from relational databases to the
presence of lists. The results demonstrate that 4NF together with all its beautiful
semantic properties can be generalised to arbitrary finite nesting of records and
lists (slightly extended framework of DTDs in which only concatenation and
Kleene closure are allowed). In particular, NLNF was semantically justified in
several ways by showing the equivalence to the absence of appropriate extensions
of different notions of redundancy and insertion anomalies. The data model has
put emphasis on the record and list constructor, but will be extended to other
data constructors in the future. The feature of lists to model order makes it
possible to focus on join-irreducible subattributes and makes it possible to extend
well-known results allowing to capture new application domains. Since set and
multiset constructor neglect the order of their elements an extension of these
results will be challenging.

The minimal axiomatisation from Theorem 3 follows directly from previous
work [20, 22]. The complete set of inference rules is used in several proof argu-
ments. NLNF for FDs themselves has been studied previously [21]. While [3]
define information-theoretic measures to address the problem of well-designed
data in data formats different from the relational data model (such as XML)
we have offered an algebraic approach to database design which classifies data
models according to the data type constructors supported.

Unlike our work, none of the XML FDs and MVDs [2, 37] take list equality
into consideration. We believe that list equality is natural and common in real
applications and should be included in defining data dependencies. An alter-
native way to define object equality in the context of XML can be based on
homomorphisms in XML graphs [19, 23]. Notably both [18, 31] have considered
set equality in their definitions of FDs in the nested relational data model.
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