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Abstract. When decomposing database schemas, it is desirable that a
decomposition is lossless and dependency preserving. A well-known and
frequently used result for the relational model states that a functional
dependency preserving decomposition is lossless if and only if it contains
a key. We will show that this result does not always hold when domains
are allowed to be finite, but provide conditions under which it can be
preserved. We then extend our work to a complex-valued data model
based on record, list, set and multiset constructor, where finite domains
occur naturally for subattributes, even if the domains of flat attributes
are infinite.

1 Introduction

In order to obtain well-designed databases, it is often necessary to decompose a
schema into smaller subschemas. When doing so, we must take care not to lose
any information - decompositions which preserve information are called lossless.
In addition, it is important to preserve dependencies specified over the schema,
which restrict what data can be stored in the database, thereby avoiding incon-
sistencies. Thus one typically wants decompositions that are not only lossless,
but also dependency preserving [2IBISIOTTIT2ITEITI].

For the relational data model, lossless and dependency preserving decompo-
sitions have often been studied under the (sometimes implicit) assumption that
attribute domains are infinite. A well-known and frequently used result (Theo-
rem [I) states that a dependency preserving decomposition of a schema R with
a set X of functional dependencies (FDs) as constraints is lossless if and only if
it contains a key [3]. It is the basis for the well-known synthesis approach intro-
duced by Biskup, Dayal and Bernstein in [3] for finding dependency preserving
decompositions into 3NF. Their work has since been extended to find differ-
ent lossless and dependency preserving decompositions, e.g. into EKNF [I9] and
BCNF [AT0/I8]. In order to extend the synthesis approach to other, e.g. complex-
valued data models, it is thus vital to investigate whether Theorem [ still holds
in these models.
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We will demonstrate in this paper that the characterization of lossless and
dependency preserving decompositions is only valid when domains of attributes
are assumed to be infinite. This fact is particularly relevant in practice since
many domains naturally only carry a finite number of elements. Moreover, when
studying lossless and dependency preserving decompositions in complex-valued
data models, then finite domains can often not be avoided as well.

More precisely, we will show that Theorem [ is still valid if LHS-attributes,
i.e., attributes which appear in the left hand side X of FDs X — Y € X' have
infinite domains while domains of other attributes may be finite. This result is
then extended to complex-valued databases that can be generated by a finite
number of recursive applications of record, list, set and multiset constructor.

The rest of the paper is organized as follows. We first give a brief introduction
to the relational model in Section 2], then examine the relational case in the pres-
ence of finite domains in Section[3l In Section[d we introduce the complex-valued
model which we shall use for our investigation. We then show how Theorem [I]
can be extended to this complex model in Section

2 The Relational Model of Data

We begin by introducing some basic terms for the relational model. More details
can be found e.g. in [I3II5/I7].

A relational database schema consists of a set of relation schemas. A relation
schema R = {A1, A, ..., Ay} is a finite set of attributes. Each attribute A; has
a domain dom(A4;) associated with it. Domains are arbitrary sets, but unless
explicitly stated otherwise, we will assume that domains are countably infinite.

A relation r over a relation schema R is a finite set of tuples, while a tuple ¢
on R is a mapping t : R — |, dom(A) with t(A) € dom(A). Relations over
a schema are also commonly referred to as schema instances or tables. Sets of
schema instances, one for each relation schema in a database schema, are called
database instances. Note that one could also consider relations which are infinite.
Since we will only consider functional dependencies (see below), this would not
affect our results.

With each relation schema we associate a set X of functional dependencies
(FD). A functional dependency on R is an expression of the form X — Y (read
“X determines Y”) where X and Y are subsets of R. For attribute sets X,Y
and attribute A we will write XY short for X UY and A short for {A}. We say
that an FD X — Y holds on a relation r over R if every pair of tuples in 7 that
coincides on all attributes in X also coincides on all attributes in Y.

A set X of FDs over R implies an FD (or set of FDs) X/ written X' F X, if
Y holds on every relation 7 over R for which all FDs in X' hold. If two sets of
FDs X and X’ imply each other, we call X a cover of X’ (and vice versa) and
write X = X', We write X* for the set of all FDs on R implied by X.

The closure X* of a set X C R w.r.t. a set X of FDs is the set of all attributes
determined by X:

X" ={AeR|YEX — A}
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We call X closed under X if X = X*.

A set X C Ris a key of R w.r.t. a set X of FDs on R, if X' implies X — R.
Note that some authors use the term ‘key’ only for minimal keys, and call keys
which may not be minimal ‘superkeys’. For us, keys need not be minimal.

The projection of a set X of FDs onto a subschema R; C R is

SR :={X >Y eX|XYCR;}

For a set X C R we denote the projection of r onto the attributes in X by r[X].
The join of two relations 7[X] and r[Y] is a relation on X UY":

o Htle’l“[X},tQET[Y}.

rX]<ir[Y] = {t ’t[X] — A Y] =

A decomposition D = {Ry, ..., R,} of R is a set of subschemas R; C R of R

such that
Up=r

To ensure that the schemas Ry, ..., R, of a decomposition D of R can hold the
same data as the original schema R, we must ask for a decomposition that is
lossless, i.e., that for all relations r on R for which X holds we have

TR ... 7[Ry =7

Furthermore, the decomposition should be dependency preserving, i.e., the
dependencies on the schemas R; which are implied by X should form a cover of
the original functional dependencies X:

L=z Ri]

This allows a database management system to check constraints for individual
relations only, without having to compute their join. In practice FDs are only
checked for individual relations, so for a given schema (R, X)), losslessness and
dependency preservation of a decomposition ensure that the semantics of (R, X7)
are adequately preserved.

In the relational model there is a nice characterization when a dependency-
preserving decomposition is lossless. Note again that we are currently assuming
all domains to be infinite.

Theorem 1. [J] A dependency-preserving decomposition of R is lossless if and
only if it contains a subschema which forms a key of R.

As a result, the task of finding a dependency preserving and lossless decomposi-
tion becomes easier: We can first concentrate on finding a dependency preserving
decomposition. If this decomposition is not lossless, Theorem [I] shows that we
only need to add a minimal key to the decomposition to make it lossless.
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Ezample 1. Let R = {ABC} with FDs ¥ = {A — C,B — C}. Then the
decomposition D = {AC, BC} is dependency preserving, but not lossless: for
the relation r on R
ABC
r=010
100

the FDs in X hold, but we get

AC
r[AC] > r[BC]= 00> 10 #r
10 00

—_ o~ O
— o o~
coc oo Q

We can turn D into a lossless decomposition D’ by adding the key schema AB.
Hence,
D' :=DU{AB} = {AB, AC, BC}

is both lossless and dependency-preserving.

In order to extend the synthesis approach to other, complex-valued data models,
it is thus vital to investigate whether Theorem [ still holds in these models.

3 Lossless Decompositions - The Relational Case

As shown in [3], Theorem [ holds when all attribute domains are infinite. If
domains are allowed to be finite, the “if” direction still holds - this becomes
obvious when we consider that instances over finite domains are also instances
over infinite supersets of these domains.

To see where the “only if” direction fails, we first look into the corresponding
proof [3], adapting the correctness proof for the chase procedure [T].

Lemma 1. Let R be a relational schema and X a set of FDs on R. Then every
lossless decomposition D of R contains a key of R.

Proof. Let D = {Ry,...,R,} not contain a key of R. We show that D is not
lossless by constructing a sample relation r on R as follows. Let ¢ be an arbitrary
tuple on R. Then for every schema R; € D add a tuple ¢; to r which is identical
to t on the closure R} of R; w.r.t. X, and contains unique values for attributes
outside R}.

Then for every FD X — Y € X, two tuples ¢;,¢; are identical on X if and
only it X C RY N R;. If X C R} N R} holds then Y is also included in R} N R},
since R N R} is closed under X. Thus X — Y holds on r.

Since D contains no key, the tuple ¢ does not lie in r. It does however lie in

<1 7[D] :=r[R1] < ... X< 7[Ry]

which makes D not lossless.
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We first note that the proof requires a sufficient number of distinct attribute
values for the construction. In this, we implicitly assume that attribute domains
are infinite. For the remainder of this paper we will allow attribute domains to
be finite, although we still require them to contain at least two elements.

Ezample 2. Let R = ABCD with FDs ¥ = {A — BC,BC — A} and decom-
position D = {ABC, BD,CD}. Let furthermore the domain of A contain only
two values, say dom(A) = {0,1}. Then D contains no key of R, but is lossless.

Proof (of Example[2). Assume D was not lossless, i.e., for some relation r on R
there exists a tuple ¢ with
te(=<rD)\r

Then for every R; € D there must be a tuple t; € r with ¢;[R;] = t[R;]. We may
assume w.l.o.g. that ¢ = (0,0,0,0). This gives us the following subset of r:

ABCD

s_0004d
aq 0cO
an b 0O

for some values a1, az, b, c,d with a1, a2 € dom(A) = {0,1}. If a3 =0 or az =0
then the FD A — BC implies ¢ = 0 or b = 0, respectively, and thus ¢ € r which
contradicts the assumption. If a3 = ag = 1 then A — BC again implies b = 0
and ¢ = 0, which gives us the following subset of 7:

ABCD
"=0004d
1000

But then the FD BC' — A would be violated on ' and thus on 7.

Note that this example can easily be generalized to work for arbitrary finite
domains. For dom(A) = {1, ..., k} chose

R=AB,...B,C
EZ{AHBl...Bk,Bl...BkﬂA}
D={AB,...By,R\ ABy,...,R\ AB,}

Obviously we need some restrictions on the domains for Lemma [ to work.
However, requiring all domains of attributes occurring in R to be infinite is too
strong. While finite domains could perhaps be ignored in relational databases, we
will see that they arise naturally in complex-valued databases for subattributes
such as {A}, for which the domain contains only the two values () and {ok}.

In the example above, the attribute A occurred in the LHS of an FD in Y. It
turns out that requiring that these attributes have infinite domains is sufficient.
Recall that even if we allow the domain of an attribute to be finite, we still
require it to contain at least two different values.
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Lemma 2. Let R be a relational schema and X a set of FDs on R. If all at-
tributes which occur in the LHS of an FD in X have infinite domains, then every
lossless decomposition D of R contains a key of R.

Proof. As for Lemma [I] except that for attributes not occurring in the LHS of
an FD in Y we do not require the ¢; to have unique values on these attributes,
but only values different from ¢.

Note that instead of working with X', we could use a cover of Y instead. This
can affect which attributes appear in the LHS of FDs, and thus give us different
requirements for the domains in Lemma 2l However, it can easily be shown
(although we will not do that here) that all reduced covers [15] - these are covers
in which no attributes can be removed from FDs while maintaining a cover -
share the same set of LHS-attributes. Clearly these form a subset of the LHS-
attributes for any cover X’ of X, since we can transform X’ into a reduced cover
by removing attributes.

4 The Complex-Valued Data Model

A number of complex-valued data models have been suggested. We will follow the
approach of Hartmann, Link and Schewe [BlGL7], since it provides a general and
unifying framework for the study of many existing data models. In particular,
one can focus on the main data structures under consideration and, thereby,
appreciate the direct impact of the type constructors on the results.

Instead of dealing with relation schemas we utilize nested attributes. These
can be generated from flat attributes (which are the same as attributes in the re-
lational model) by an arbitrary finite number of recursive applications of record,
list, set and multiset constructors.

Definition 1. [7] A universe is a finite set U together with domains (i.e., sets
of values) dom(A) for all A € U. The elements of U are called flat attributes.

For the relational data model a universe was sufficient. That is, a relation schema
is defined as a finite and non-empty subset R C U. For data models supporting
complex objects, however, nested attributes are needed. In the following defini-
tion we use a set £ of labels, and assume that the symbol A is neither a flat
attribute nor a label, i.e., A ¢ U U L. Moreover, flat attributes are not labels and
vice versa, i.e., UNL = 0.

Definition 2. [7] Let U be a universe and L a set of labels. The set N AU, L)
of nested attributes over U and L is the smallest set satisfying the following
conditions:

1. Xe NA(U, L),

2. UCNAU,L),

3. for L€ L and Ny,..., Ny, € NAU, L) with k > 1 we have L(Nq,...,Ny) €
NAWU, L),
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4. for L€ L and N € NA(U, L) we have L[N| € NAU, L),
5. for Le L and N € NA(U, L) we have L{N} € NAU, L),
6. for L€ L and N € NAU, L) we have L{(N) € NAU, L).

We call X null attribute, L(Ny, ..., Ny) record-valued attribute, L[N] list-valued
attribute, L{N} set-valued attribute, and L{N) multiset-valued attribute.

From now on we will assume that a universe U and a set L of labels are fixed.
Instead of writing N'A(U, £) we simply write NA.

A relation schema R = {4i,...,A4,} can be viewed as the record-valued at-
tribute R(A1,...,A,) using the name R as a label. The null attribute A must
not be confused with a null value, which is a distinguished element of a certain
domain. The null attribute rather indicates that some information of the under-
lying nested attribute, i.e. some information on the schema level, has been left
out. Further explanations follow.

The mapping dom can be extended from flat to nested attributes, i.e., we
define a set dom(N) of values for every nested attribute N € AN'A. We denote
empty set, empty multiset, and empty list by 0, ( ), [ ], respectively.

Definition 3. [7/ For a nested attribute N € N'A we define the domain dom(N)
as follows:

1. dom(X\) = {ok},

2. dom(A) as above (Definition[d) for all A € U,

3. dom(L(Ny,...,Ng)) = {(v1,...,v%) | v; € dom(N;) fori =1,...,k}, i.e
the set of all k-tuples (v1,...,vx) with v; € dom(N;) for alli=1,... k,

4. dom(L[N]) = {[v1,...,v5] | v; € dom(N) fori = 1,...,n} U{[ |}, i.e
dom(L[NY]) is the set of all finite lists with elements in dom(N),

5. dom(L{N}) = {{v1,...,on} | vi € dom(N) fori = 1,....,n} U{0}, ie

dom(L{N}) is the set of all finite subsets of dom(N),

6. dom(L(N)) = {(v1,...,vn) | v; € dom(N) fori = 1,....n}U{({ )}, i.e

dom(L(N)) is the set of all finite multisets with elements in dom(N).

—~

The domain of the record-valued attribute R(A1,...,A4,) is a set of n-tuples,
i.e., an n-ary relation. The value ok can be interpreted as the null value “some
information exists, but is currently omitted”.

The replacement of flat attribute names by the null attribute A within a
nested attribute decreases the amount of information that is modelled by the
corresponding attributes. This fact allows us to introduce an order between
nested attributes.

Definition 4. [{]/ The subattribute relation < on the set of nested attributes N'A
over U and L is defined by the following rules, and the following rules only:

1. N < N for all nested attributes N € N'A,

2. X< A for all flat attributes A € U,

3. X< N for all set-valued, multiset-valued and list-valued attributes N € NA,
4. L(N1,...,Ny) < L(M,..., My) whenever N; < M; for alli=1,... k,
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5. L[N] < L[M] whenever N < M,
6. L{N} < L{M} whenever N < M,
7. L{N) < L{M) whenever N < M.

For N, M € N A we say that M is a subattribute of N if and only if M < N
holds. We write M £ N if and only if M is not a subattribute of N.

The finite set of all subattributes of N is denoted by Sub(N). It has a a smallest
element with respect to the subattribute relation, called the bottom element.

Lemma 3. [J, Lemma 38] The bottom element Ay of Sub(N) is given by Ay =
L(ANy,.--, AN, ) whenever N = L(Ny,...,Ny), and Axy = X whenever N is not
a record-valued attribute.

The binary operators join U and meet N are the equivalent to union U and
intersection N in the relational case. For X, Y < N we get:

— X Y is the minimal subattribute of N with XY < X UY
— X MY is the maximal subattribute of N with X, Y > X MY

It has been shown in [7] that join and meet always exist.

Given the relation schema R = {4, B,C}, the attribute set {4,C} can be
viewed as the subattribute R(A, A\, C') of the record-valued attribute R(A, B, C).
The occurrence of the null attribute A in R(A, A, C) indicates that the infor-
mation about the attribute B has been masked out. The inclusion order C on
attribute sets in the relational data model is now generalized to the subattribute
relation < in complex-valued data models.

Lemma 4. The subattribute relation is a partial order on nested attributes. 0O

Informally, M < N for N, M € N'A if and only if M comprises at most as much
information as N does. The informal description of the subattribute relation is

formally documented by the existence of a projection function 73 : dom(N) —
dom(M) in case M < N holds.

Definition 5. [/ Let N,M € N'A with M < N. The projection function 73} :
dom(N) — dom(M) is defined as follows:

1. if N =M, then ml; = idgom(ny is the identity on dom(N),

2. if M = A, then ©¥ : dom(N) — {ok} is the constant function that maps
every v € dom(N) to ok,

3. if N=L(Ny,...,Ng) and M = L(My, ..., My), then why = mt x - xmyf

which maps every tuple (vi,...,v;) € dom(N) to (7'(]\]\211 (v1), ... 77T]\AZZ (vg)) €
dom(M),

4. if N = LIN'] and M = L[M'], then 7%, : dom(N) — dom(M) maps every
list [v1,...,v,) € dom(N) to the list [7N;(v1), ..., 7N (v,)] € dom (M),

5. if N = L{N'} and M = L{M'}, then 7} : dom(N) — dom (M) maps every
set S € dom(N) to the set {wY,(s) : s € S} € dom(M), and
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6. if N = L{(N') and M = L{M'), then 7}, : dom(N) — dom(M) maps every
multiset S € dom(N) to the multiset (x),(s) : s € S) € dom(M).

It follows, in particular, that @, ( ),[ ] are always mapped to themselves, except
when projected on the null attribute A in which each of them is mapped to ok.
Note that for Y < X we have ¥ = 7¥ o 7} where o denotes the composition
of functions.

We are now ready to repeat the syntax and semantics of functional depen-
dencies in complex-valued databases.

Definition 6. [7/ Let N € N'A be a nested attribute. A functional dependency
on N is an expression of the form X — Y where X, C Sub(N) are non-empty.
A set r C dom(N) satisfies the functional dependency X — Y on N, denoted
by E- X — Y, if and only if W)]Y(tl) = W)]Y(tg) holds for all Y € ) whenever
7l (t1) = w¥ (t2) holds for all X € X and any t1,t2 € 7.

The requirement that X', Y are sets of subattributes cannot be weakened without
losing expressiveness. In fact, if a set of subattributes in an FD is replaced by
its join, then this may result in an FD with a different semantics. We illustrate
this fact by the following example.

Ezample 3. [14] Suppose we store sets of tennis matches using the nested
attribute

Tennis{Match(Winner, Loser)}.

Consider the following instance r over Tennis{Match(Winner, Loser)}:

{ {(Becker, Agassi), (Stich, McEnroe)},
{(Becker, McEnroe), (Stich, Agassi)} }.

The second element of this set results from the first by simply switching op-
ponents. We can see that |, Tennis{Match(Winner, A\)} — Tennis{Match(},
Loser)} holds. In fact, the set of winners {Becker, Stich} is the same for both
elements and so is the set of losers {Agassi, McEnroe}.

However, =, Tennis{Match(Winner, \)} — Tennis{Match(Winner, Loser)}
since the matches stored in both elements are different from one another. The
instance r is therefore a prime example for the failure of the extension rule

X =Y
X —-XUuy

in the presence of sets. The same is true for multisets as a set is just a multiset
in which every element occurs exactly once.

Sufficient and necessary conditions when projections on subattributes X and Y
do determine the projection on X UY have been identified.

Definition 7. [7] Let N € N'A. The subattributes X,Y € Sub(N) are reconcil-
able if and only if one of the following conditions is satisfied
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- Y<XorX<Y,

— N =L(Ny,...,Ny), X = L(Xy,...,Xp),Y = L(Y1,...,Ys) where X; and
Y; are reconcilable for alli=1,... k,

— N=L[N'|,X =L[X'],)Y = L[Y'] where X" andY" are reconcilable.

In Example [ the subattributes Tennis{Match(Winner, \)}, Tennis{Match(\,
Loser)} are not reconcilable. However, if we use Tennis[Match(Winner, Loser)]
to store (sets of) lists of tennis matches, rather than (sets of) sets, then the
subattributes Tennis[Match(Winner, A)] and Tennis[Match(A, Loser)] are
reconcilable.

In fact, projections of complex data tuples to reconcilable subattributes X, Y
uniquely determine the projection on the join X UY.

Lemma 5. [7, Lemmas 16 and 21] Let N € NA, X,Y € Sub(N). Then the
following are equivalent:

(i) X andY are reconcilable
(ii) for all t1,ty € dom(N) with ¥ (t1) = 75 (t2) and ¥ (t1) = 7 (t2) we have
N _ N
Txuy (t1) = Txyy (t2)

Lemma [ can be illustrated using Example B Tennis{Match(Winner, A\)} and
Tennis{Match(\, Loser)} are not reconcilable, and the two different elements in

{ {(Becker, Agassi), (Stich, McEnroe)},
{(Becker, McEnroe), (Stich, Agassi)} }.

are identical on Tennis{Match(Winner, A\)} and Tennis{Match(\, Loser)}.
In order to simplify the implication problem for FDs, attributes are split into
maximal reconcilable subattributes.

Definition 8. [J] Let N € N'A. A nested attribute N; € N'A is a unit of N if
and only if

1. N; <N,
2. VXY < N;, if X and'Y are reconcilable, then X <Y orY < X,
3. N; is <-mazimal with properties 1. and 2.

The set of all units of N is denoted by U(N).

We will be interested in all subattributes with properties 1. and 2. of Definition [8]
not just maximal ones.

Definition 9. We call a nested attribute N unitary if it is a unit of itself. We
write Nt for the set of all unitary subattributes of N.

Note that Nt can be shown to be exactly the extended subattribute basis E(N)
of N as defined in [B], though we will not need that here.
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Ezample 4. In Example Bl where N = Tennis{Match(Winner, Loser)}, the sub-
attribute Tennis{Match(Winner, A\)} meets conditions 1. and 2. of Definition [§
but not 3. Thus it is unitary but not a unit of N. The only unit of N is IV itself.

For the nested attribute N’ = Tennis[Match(Winner, Loser)| we get the units
Tennis[Match(Winner, \)] and Tennis[Match()\, Loser)]. Further unitary subat-
tributes of N’ are Tennis[Match(\,\)] and .

When representing FDs, we will want to replace non-unitary attributes in FDs
with their units. As a result, we will only need to deal with sets of unitary
attributes, which makes it easier to formulate and prove some lemmas.

In [5] a characterization for the units of a nested attribute is given.

Lemma 6. [5, Lemma 26] Let N € N'A. Then
k
UN) = JH{LON, - M, Ax,) + M € UN;) and N; # Ay, }
i=1

if N=L(Ni,....,Ny) and N # A,
UN)={L[M']: M eU(M)}
if N = L[M] holds and U(N) = {N} in any other case.

Furthermore, it is clear from the results in [5], that replacing attributes with
their units does not change the semantics of FDs. This means that the FDs
X — Y and X’ — ) imply each other, where

Xo=Jux), v:=_uy)

Xex Yey

For ease of reading, we will not always distinguish between an attribute and
the singleton set containing that attribute, and leave out brackets, commas,
labels and ‘A’s where this does not cause ambiguities. Thus we would write e.g.
the nested attribute Tennis{Match(Winner, Loser)} short as {Winner, Loser},
and the subattribute Tennis{Match(Winner, )} as {Winner}.

For a more thorough discussion of the complex-valued model introduced here

see e.g. [olT].

5 Lossless Decomposition

When decomposing a nested attribute we need to decide what we decompose
it into. Here we will be more general than in [6] where decompositions contain
only subattributes.

Definition 10. We call a set S of unitary subattributes of N an extended sub-
attribute of N if no attribute in S is a subattribute of any other attribute in
S (i.e., S is a <-antichain of unitary subattributes). We say that an extended
subattribute S" of N is an extended subattribute of S if every attribute in S’ is
a subattribute of some attribute in S.
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From now on, when talking about decompositions of nested attributes, we will
mean decompositions into extended subattributes. Note that, unlike substitut-
ing attributes by their units, using extended subattributes rather than just sub-
attributes for decomposition changes the semantics. An extended subattribute
corresponds to a set of (not necessarily unitary) subattributes rather than just
a single subattribute. This is different to the relational case where all “subat-
tributes” (subsets of attributes) are reconcilable.

Ezample 5. Let N = {AB}C with FDs X = {{A}{B} — C}. Then we can
decompose N into Ny = {AB} and Ny = {A}{B}C. This decomposition is
dependency preserving and lossless (by Lemmal7). If we were to restrict ourselves
to decompositions into subattributes, we could not decompose N any further
without loss of information and dependencies.

The requirement that subattributes in S be unitary identifies semantically equiv-
alent sets, such as the following sets of subattributes of N = {AB}CD:

{A} B}, O} H{AYC B}, {{A} {B}C) and {{A}C, {B}C}

The first set {{A}, {B},C} is an extended subattribute of N, but the others are
not. E.g. the second set contains the subattribute { A}C which is not unitary as
its units are {A} and C.

Prohibiting subattributes of another attribute in a tuple prevents obvious
redundancy.

Definition 11. For two extended subattributes X,) C NY we call X an ez-
tended subattribute of Y, written X <.z YV, if for every X € X there exists a
Y €Y with X <Y. Join M and meet LU between extended subattributes are then
defined w.r.t. <.ut. In particular we get

XUY=max(XU)Y)
i.e., we take the union but then remove (redundant) non-mazximal elements.

Definition 12. The domain of an extended subattribute S C Nt consists of
all functions which map each subattribute s € S to an element in dom(s), in a
consistent manner:

dom(S) := {f : S — U dom(s)

seSs

f(s) € dom(s) N\VX,Y € S.
mny (f(X)) = mxay (F(Y))
We can now define projection, join and losslessness as one would expect.

Definition 13. Let N be a nested attribute, S C Nt an extended subattribute
of N. Then the projection 75 : dom(N) — dom(S) is defined as follows:

g (8) = (J{s = (1))

sesS
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Definition 14. The join of two relations 1,72 on the extended subattributes
51,89 C Nt is a relation on Sy LU Ss:

T XIry 1= {t S dom(51 [ SQ) | E'ti S ’I“i.ﬂ'gilL’SZ(t) = ti,i = 172}

As in the relational case, we call a decomposition D = {Ny,..., N,} of (N, X)
into extended subattributes N; lossless, if for every relation » on N for which X
holds we havd]

r[N1 ... < [Ny =7

We are now ready to investigate how Theorem [l behaves in the complex-
valued model. One direction (the “if” part) is straight forward.

Lemma 7. Fvery dependency preserving decomposition of N containing an ex-
tended subattribute which forms a key of N is lossless.

Proof. As in the relational case [3].

Extending Lemma[2to the complex-valued case turns out to be more challenging.
We will do so next.

Definition 15. Let N be a nested attribute and S a unitary subattribute of N.
We call S restricted if dom(S) is finite. A FD X — Y is LHS-restricted if some
element in X is restricted, and a set X of FDs over N is LHS-restricted if any
of its FDs are.

To prove Lemma [2] for the complex-valued data model, we need to be able to
construct tuples t; which are identical to some tuple ¢t on an extended subat-
tribute (corresponding to R} in the relational case), but unique (or at least
different when domains are finite) for subattributes “outside” these extended
subattributes. For this we use and adapt some lemmas from [7lT4].

Note that in [7] a set X C Sub(N) of subattributes is an ideal w.r.t. < if and
only if the following holds for all Y € Sub(N):

XeXandY <X = YelX

We will adopt this definition of ideal as well.

Lemma 8. [7, Lemma 21] Let N € N'A, and O # X C Sub(N) an ideal with
respect to < with the property that for reconcilable X, Y € X also X UY € X
holds. Then there are ty,ty € dom(N) with 7\, (tn) = 78 (ty) if and only if
WeX.

Note that in the last lemma we could also consider only unitary subattributes of
N, and thus no longer need to worry about reconcilable subattributes. We will
take that view when formulating our main lemma in the following.

Intuitively, Lemma [0 ensures the existence of tuples similar to those used in
the proof of Lemmas [ and Blfor constructing a counter example in the relational
case. Recall that N denotes the set of all unitary subattributes of IV, and that
we allow the domains of flat attributes to be finite.

! We identify N with the extended subattribute U/(N).



342 H. Koehler and S. Link

Lemma 9. Let N € NA, and ) # X; C N fori = 1,....n be ideals with
respect to <. Then there are t,ty, ..., t, € dom(N) with the following properties
(for all W € N1):

(i) m (k) = w0 W € A,
(ii) ©(t;) # 7y (t) if W ¢ X; and W unrestricted or a unit of N
(iii) 7 (t;) # 7 (t;) if W ¢ X; N X; and W unrestricted

Proof. We distinguish several cases, depending on the form of V. The numbering
of these cases follows the one given in Definition [2l The case (1) where N = X is
trivial.

(2) For N = A chose t = a and

e a; #£a if Xy ={\}

and the a; pairwise different if dom(A) is infinite. This obviously meets the
conditions (i)-(iii).

(3) For N = (M, ..., My) we construct t¢,¢4,...,1, inductively on the struc-
ture of N. Let tMJ',tfwj denote the tuples constructed on the nested attribute
M; w.r.t. Wﬁj(z’\fiﬁ We chose t = (tM, ..., tM%) and t; = (M. #M%). Tt is
easy to see that the tuples ¢, ¢; meet conditions (i)-(iii) if the tuples ¢t ¢, Mi do.

(4) For N = [M], we have X; = {[X] | X € Y;} U{\} for some ideal }; C
M. If Y; # 0 then by Lemma [§ there exist tuples #,s jisthri € dom(M) which
are identical exactly on };. Otherwise let ¢y, ; be arbitrary. We then construct
t,t1,...,t, as follows:

t=1[tmas---»tan)

o St ta] D £
’ arbitrary of length n+¢ otherwise, i.e., if X; = {\}

With this definition, tuples ¢; with X; = {\} are of unique length, and thus differ
from tuples ¢,t; with j # 4 on all subattributes except A. For other tuples ¢;,¢;
we have

Ty (t:) = miy(¢) if and only if  m) (thy ;) = my (Ear)

which shows conditions (i) and (ii), as well as

iy (t:) = miy(t;) if and only if iy (thy ;) = miy (tars) ATy (thr ;) = T (tar,5)

from which (iii) follows.

2 Strictly speaking we would have to distinguish between M; and the subattribute
(Ao, My, ..., A) < N. We will neglect this subtlety for ease of readability.
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(6) For N = (M) let tnty,; € dom(N) be tuple pairs with 7y (tn:) =
my (ty;) if and only if W € &;, which exist by Lemma B We then define

tZC'tNJU...UCn%fNJL

ti=ctniU...Uc th, .. U™ty
with ¢ € N sufficiently large, i.e., larger than the multiplicity of any element
in the multisets tn,1,...,tNn, th 1,5ty Here ¢ - txn1 denotes the multiset
obtained by multiplying the multiplicity of all elements of ¢ ;-1 with c. This allows
us to determine the “origin” of an element e of ¢ or ¢; from its multiplicity, i.e.
the number of times the element e occurs in the multiset ¢ or ¢;. We shall denote
this number by mult.(t) or mult.(t;), respectively. For every tuple ¢,t1,...,t,
we have
multe(t/t;) = multe (¢- My U ... U™ - M,)
=c-multe(My) + ...+ c" - mult.(M,) (1)
=c-a1+...+c"-ay

for some multisets M, ..., M, and some values ay,...,a, € {0,...,c — 1}.
Given a multiplicity mult.(t/t;) there exists only one set of values ay,...,a, €
{0,...,c¢—1} such that () holds. Consequently, we can uniquely determine the
multisets My, ..., M, given ¢ or some t;. Conditions (i)-(iii) can now be shown
as in the case of lists.

(5) What remains is the case of sets. For N = {M} with N restricted, we use
that by Lemma [§ there exist two tuples tx # t%y which are identical on N L\ N.
We then set t =t and

A Lo if X; = N
" |ty otherwise

which clearly meet condition (i)-(iii).

For N = {M} with N unrestricted, we adapt the proof of Lemma 25 in [7],
which shows Lemma [§] for the case of sets. For every index ¢ = 1,...,n we define
different identifying terms:

— 71 (\) = ok,

- 74(\) = a,74(A) = a; with a,a; € dom(A),a # a; and ay,...,a, pairwise
different if dom(A) is infinite

— TE(Nl,...,Nn)(L<M1’ .y Mn)) = (T;VI (_2\41)7 N VT]ZVn(M“))V

L{M}) = {7y (M)} and TE{N}(/\) =0,

- T£<N> L(M)) = (t4;(M), ..., 7h(M)) of cardinality i and T£<N>(>\) = (),

- Ti[N](L[M]) =[5 (M), ..., 7% (M)] of length i and Ti[N](/\) =]

—~

~ Ly

—~

Note that with this definition the identifying terms 7% (M) of a subattribute M
with infinite domain are pairwise different, i.e., 74 (M) # T]]V(M) for i # j.

We then create pairs of tuples tx ;, ty ; € dom(N) with mj), (tn ) = mjy, (ty ;) if
and only if W € &; as in [7, Lemma 25|, but using the corresponding identifying
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terms 74 (...). That is, we have X = {L{X} : X € Y} U {A\} for some Y C
Sub(M), and define

tni = {m(X): X < M}

thi={mu(X): X € ¥}
The tuple pairs ¢y, th,i are used to construct the tuples ¢,¢q,...,t; as follows:

t=1tn1U...Utnn
ti=tniU...Utni1 Uty Uty U...Utnp
Condition (i) clearly holds, since equivalence of ¢y ; and ¢}, on W implies
equivalence of t and t; on W. Now let W = {V} meet the "if’ condition of (ii).
By construction we have
j N N
(V) € (tn i) \ T ()

Furthermore, W must be unrestricted, since N is unrestricted and the only unit
of N. As the identifying terms of unrestricted subattributes are all different,
74, (V) does not lie in any set 7} (tn,;) for j # i either. Thus mf, (t;) # 7y (),
which shows (ii). Condition (iii) is proven analogous to (ii).
The following example illustrates the construction for multisets and sets.
Ezample 6. [Multiset] Let N = ({{A}}) and

A= {A ), (D, {1}
Xy = {A (N, {Ah}

Xy ={A, (N}

Xy ={\}

Lemma B might give us the following tuples:

tyva = ({{a1}}), th 1 = ({{az2}})
tne2 = ({{a1}}), tho = ({0})
tns=({0}), ths=(0)
tna= (), tha= (D)

Since all multisets above contain only a single element (or less), it suffices to
choose ¢ = 2. Using our construction we obtain

t =2 tx1Ud tnsUS-tysUL6- tyag
=2-({{aa}}) U4 ({{ar}}) Uus- ({0})U16- ()
= ({{a1}}°,{0})

tr = ({{a2}}?, {{ar}}4, {0}%)

ta = ({{a1}}%,{0}"?)

ts = ({{a1}}°,0%)

ta = ({{a1}}°,{0}%,0'°)

where (E™) means that element E occurs n times in the multiset.
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[Set] Now let N = {AB} with dom(A), dom(B) infinite, and

X ={X {7} {4}, {B}}
Xy = {X {7} {4}}
Az = {X\ {A} {B}}

Using our construction for sets we get

iN1 = {(au b), (a1,b), (a,b1), (a1, bl)}v t;\f,l = {(au b), (a1,b), (a, bl)}
in2 = {(a7 b)v (a27 b)7 (av b2)7 (a27 b2)}7 tﬁv,z = {(a7 b)v (a27 b)}
INg3 = {(a,0), (as,b), (a,b3), (a3, bs)}, t;V,S = {(a,0), (a,b3)}

and from this

t =ty1Utn2ULlN3

= {(a b) (ah )7(a7b1)7(a17b1)7(a27b)7(a7b2)7(a27b2)7( )7(a b3) (a37b3)}
t1 ={(a,b), (a1,b), (a, 1), (az,b), (a,b2), (az,b2), (a3, b), (a,b3), (a3, b3) }
ty = {(a,b), (a1,b), (a, br), (a1, 1), (a2, b), (a3,b), (a,b3), (a3, b3)}
t3 = {(av )7(alab)v(a7b1)7(alabl)v(a%b)v(aabQ) (a27b2) (a b3) }

In both cases (multiset and set) it is easy to check that the ¢,¢; constructed meet
the conditions (i)-(iii) of Lemma [

Comparing the last lemma to Lemma [, one may wonder why we require in
condition (ii) that W is unrestricted or a unit, and whether this requirement
can be omitted. The following example shows that it is really needed.

Ezample 7. Let N = {AB} and X; = Xy = {\}, X5 = {\, {\}, {B}}. Let further
t,t1,t2 be tuples on N which meet the conditions of Lemma[l If ¢ = () then by
(i) it follows that t3 = ), which violates condition (ii) for W = {A}. So t # 0.
If t1 = t2 = 0 then condition (iii) is violated for W = {A}. So t; # 0 or t2 # 0,
say t1 # (). But then we have

N N
T (t) = {ok} =m0\, (1)

which shows that the restriction on W in condition (ii) is necessary.

We are now ready to prove Lemma [2] in the complex-valued model.

Lemma 10. Let N be a nested attribute with FDs Y. If X is not LHS-restricted,
then every lossless decomposition of N contains an extended subattribute which
forms a key of N.

Proof. We will proceed as in the proof of Lemmal[ll Let D = {Ny,...,N,} be a
decomposition of N not containing a key schema, i.e., an extended subattribute
which forms a key of N. For N; € D define X; := (N;)', where N} is the
closure of N; w.r.t. X, and A; is the ideal generated by it. Then there exist
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tuples ¢,¢1,...,t, on N which meet the conditions (i)-(iii) of Lemma Bl We
define r = {t1,...,t,}, and start by showing that X holds on r.

Solet X — Y € ¥ and t;,t; € r be two tuples with «¥(t;) = 7¥(¢;).
Then X is unrestricted by assumption, so from condition (iii) it follows that
X C X; N X;. Thus, by definition of Aj, X, we have Y C &; N &), which gives
us 7 (t;) = 7 (t;) by condition (i). It follows that X — Y holds on r.

Also by condition (i), the tuple ¢ lies in b r[D]. It remains to be shown that
t ¢ r. By assumption N; is not a key of N, so X; does not contain all units of
N. Thus t; # t by condition (ii), which shows that D is not lossless.

Together with Lemma [ this gives us an extension of Theorem [I] for complex-
valued data bases.

Theorem 2. Let N be a nested attribute with FDs X. If X is not LHS-restricted,
then a dependency preserving decomposition of N is lossless if and only if it
contains an extended subattribute which forms a key of N.

Proof. Follows from Lemmas [0 and

6 Conclusion

We have shown that in the relational model decompositions can be lossless with-
out containing a key if domains are allowed to be finite. However, we found that
this only occurs if attributes with finite domains appear in the left hand side of
functional dependencies.

In complex-valued data models containing sets, finite domains occur naturally
for subattributes such as {\}, with dom({\}) = {0,{ok}}. It can be argued
though that subattributes with finite domains rarely occur in the left hand side
of functional dependencies. We were able to extend our results from the relational
model, showing that when such LHS-restricted functional dependencies do not
exist, then every lossless decomposition must contain a key (Lemma [I0]).

As a result, Theorem 2] which corresponds to Theorem[I]in the relational case,
can usually be applied in our complex-valued data model as well. This simplifies
the task of finding lossless (and dependency preserving) decompositions, since it
is possible to apply methods similar to those used in the relational case, as e.g.
in BIIOMS.

We wish to thank the anonymous reviewers of this paper for many helpful
comments and suggestions.
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