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Abstract. We review key constraints in the context of XML as intro-
duced by Buneman et al. We show that one of the proposed inference
rules is not sound in general, and the axiomatisation proposed for XML
keys is incomplete even if key paths are simple. Therefore, the axiomati-
sation and also the implication problem for XML keys are still unsolved.

We propose a set of inference rules that is indeed sound and complete
for the implication of XML keys with simple key paths. Our complete-
ness proof enables us to characterise the implication of XML keys in
terms of the reachability problem of nodes in a digraph. This results in a
quadratic time algorithm for deciding XML key implication, and shows
that reasoning for XML keys is practically efficient.

1 Introduction

The eXtensible markup language (XML, [6]) has recently evolved to the stan-
dard for data exchange on the Web, and also represents a uniform model for
data integration. It provides a high degree of syntactic flexibility but has little
to offer to specify the semantics of its data. Consequently, the study of integrity
constraints has been recognised as one of the most important yet challenging
areas of XML research [T528/31133]. The importance of XML constraints is due
to a wide range of applications ranging from schema design, query optimisation,
efficient storing and updating, data exchange and integration, to data clean-
ing [I5]. Therefore, several classes of integrity constraints have been defined for
XML including keys [8], path constraints [I0/ITI], inclusion constraints [I6JI7]
and functional dependencies [320122/32]. However, for almost all classes of con-
straints the complex structure of XML data results in decision problems that are
intractable. It is therefore a major challenge to find natural and useful classes of
XML constraints that can be reasoned about efficiently [IBUT6JI7I28/31]. Prime
candidates of such classes are absolute and relative keys [8/9] that are defined
independently from any specification such as a DTD [6] or XSD [30]. Keys are
based on the representation of XML data as trees. This is commonly used by
DOM [2], XSL [24], and XML Schema [30]. Figure [[lshows such a representation
in which nodes are annotated by their type: E for element, A for attribute, and
S for string (PCDATA).
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Keys are defined in terms of path expressions, and determine nodes either
relative to a set of context nodes or the root. Nodes are determined by (com-
plex) values on some selected subnodes. In Figure[Il an example of a reasonable
absolute key is that the isbn values identify the book node. That is, the isbn
subnodes of different book nodes must have different values.

In contrast, an author cannot be identified in the entire tree by its first and last
subnodes since the same author can have written more than one book. However,
the author can indeed be identified by its first and last subnodes relatively to
the book node. That is, for each individual book node, different author subnodes
must differ on their first or last subnodes.

(db)
(book isbn=01985327/1)
(title) Toposes and Local Set Theories(/title)
(author)(first) John(/first)(last) Bell(/last)(/author)
(/book)
(book isbn=0720428440)
(title) A course in mathematical logic{/title)
(author)(first) John(/first)(last) Bell(/last)(/author)
(author)(first) Moshe(/first)(last) Machover(/last)(/author)
(/book)

(/db)

db

book
@isbn @lsbn
@ title author author author

"0198532741" ”0720428440 '

@ title

Toposes and first last first last first last
Local Set Theories
A course in
John Bell mathematical logic John Bell Mgshe Machover

Fig. 1. XML data fragment and its tree representation

Contributions. We review XML key constraints. We show that one of the
inference rules for key implication [9] is only sound for keys with simple key
path expressions [§], but not sound in general as stated in [9]. The incorrectness
is not just a minor detail but shows that the choice of a path language for defining
XML keys can be crucial. We demonstrate that the axiomatisation proposed in
[9] is not only incomplete in the general case but already incomplete in the case
of simple key path expressions, i.e., for XML keys as defined in [g].

Since keys have had a significant impact on XML [8/9] we believe that it
is important to provide an axiomatisation and show that automated reasoning
about XML keys is practically efficient. We propose an axiomatisation of XML
keys with simple key path expressions. Our completeness proof is based on a
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characterisation of key implication in terms of reachability of nodes in a digraph.
Utilising the efficient evaluation of Core XPath queries [I§] this results in a
decision procedure for XML key implication that is quadratic in the size of the
keys given. The simplicity of our algorithm is a result of the technique used for
proving the completeness of our inference rules. Notice that the original (flawed)
technique resulted in a heptic (n”) algorithm, cf. [9].

Related Work. Constraints have been extensively studied in the context of the
relational model of data, some excellent surveys include [I4J29]. Dependencies
have also been investigated in nested data models, cf. [T9/2T27]. Recent work
on XML constraints include [3M4ISJOITOTTITOIT7I32], for a brief survey see [I5].

2 Prerequisites

We review the definition of keys and their properties [8/9]. Throughout the paper
we assume familiarity with basic concepts from graph theory [23].

2.1 The XML Tree Model

XML documents can be modelled as node-labelled trees. We assume that there
is a countably infinite set E denoting element tags, a countably infinite set A
denoting attribute names, and a singleton {S} denoting text (PCDATA). We
further assume that these sets are pairwise disjoint, and put £ = EU A U {S}.
We refer to the elements of £ as labels.

An XML tree is a 6-tuple T = (V,lab, ele, att,val,r) where V denotes a set
of nodes; lab is a mapping V' — L assigning a label to every node in V; a node
v in V is called an element (E) node if lab(v) € E, an attribute (A) node if
lab(v) € A, and a text (S) node if lab(v) = S; ele and att are partial map-
pings defining the edge relation of T for any node v in V, if v is an element
node, then ele(v) is a list of element and text nodes in V' and att(v) is a set
of attribute nodes in V; if v is an attribute or text node then ele(v) and att(v)
are undefined; val is a partial mapping assigning a string to each attribute and
text node: for any node v in V, if v is an A or S node then val(v) is a string,
and val(v) is undefined otherwise; and r is the unique and distinguished root
node.

An XML tree is said to be finite if V' is finite. For a node v € V', each node w
in ele(v) or att(v) is called a child of v, and we say that there is an edge (v, w)
from v to w in T. An XML tree has a tree structure: for each node v € V', there
is a unique (directed) path of edges from the root r to v.

We can now define value equality for pairs of nodes in XML trees. Informally,
two nodes u and v of an XML tree T are value equal if they have the same label
and, in addition, either they have the same string value if they are S or A nodes,
or their children are pairwise value equal if they are E nodes. More formally, two
nodes u,v € V are value equal, denoted by u =, v, if and only if the following
conditions are satisfied:
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(a) lab(u) = lab(v),
(b) if u,v are A or S nodes, then val(u) = val(v),
(¢) if u,v are E nodes, then (i) if att(u) = {a1,...,an}, then att(v) =

{ai,...,a},} and there is a permutation w on {1, ..., m} such that a; =, a/ ;)
fori=1,...,m, and (4) if ele(u) = [uy,...,ux], then ele(v) = [v1,...,vg]
and u; =, v; fori=1,... k.

That is, two nodes u and v are value equal whenever the subtrees rooted at «
and v are isomorphic by an isomorphism that is the identity on string values.
For example, the first and second author node (according to document order) in
Figure [I are value equal.

2.2 Path Languages

In order to define keys we need a path language that is expressive enough to be
practical, yet sufficiently simple to be reasoned about efficiently. This is the case
for the path languages PLs and PL [8/9].

Table 1. The path languages PLs and PL

Path Language Syntax
PL, P:=c¢|LP
PL Qu=¢e|0]QQ| ~

A path expression is a (possibly empty) finite list of symbols. In this paper,
a simple path expression is a path expression that consists of labels from £. We
use the languages PL, and PL to describe path expressions. Both languages
are fragments of regular expressions. PL; expressions and PL expressions are
defined by the grammars in Table[Il Herein, € denotes the empty path expression,
“.” denotes the concatenation of two path expressions, and ¢ denotes any element
of L. The language PL is a generalisation of PL, that allows the distinguished
symbol “ *” to occur. We call * the don’t care symbol. It serves as a combination
of the wildcard “ 7 and the Kleene star “*”. Note that every PL, expression is
a PL expression, too.

We now introduce some more terminology [8/9] used throughout this paper.
Note that for PL expressions, the equalities Q.c = ¢.QQ = @ for all Q € PL,
and *.* = * hold. A PL expression @ in normal form [89] does not contain
consecutive *, and it does not contain € unless Q = €. A PL expression can
be transformed into normal form in linear time, just by removing superfluous *
and ¢ symbols. To simplify discussion, we usually assume that PL expressions
are already given in normal form. The length |Q| of a PL expression @ is the
number of labels in @ plus the number of * in the normal form of Q. The empty
path expression ¢ has length 0.

When replacing all * in a PL expression ) by simple path expressions, we
obtain a simple path expression P and write P € ). Thus, a PL expression @
gives rise to a regular language of simple path expressions P € @. In particular,
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a PL, expression represents a single simple path expression. For convenience,
we will sometimes refer to PL, expressions as simple path expressions, too.

We will use path expressions to describe sets of paths in an XML tree T'. Recall
that each attribute or text node is a leaf in T'. Therefore, a path expression is
said to be wvalid if it does not contain a label £ € A or £ = S in a position other
than the last one. In the sequel, we use a valid PL expression to represent only
valid simple path expressions. For example, *.author is a valid PL expression
that represents (among others) the valid simple path expression book.author.

A path p is a sequence of pairwise distinct nodes vo, ..., v, where (v;_1,v;)
is an edge for i = 1,...,m. We call p a path from vy to v,,, and say that v, is
reachable from vy following the path p. The path p gives rise to a valid simple
path expression lab(vy). - - .lab(vy,), which we denote by lab(p). Let P be a
simple path expression, and ) a PL expression. A path p is called a P-path if
lab(p) = P, and a Q-path if lab(p) € Q. If p is a path from v to w, then w is said
to be reachable from v following a P-path or Q-path, respectively. We also write
T E P(v,w) and T | Q(v,w) when w is reachable from v following a P-path or
Q-path, respectively, in an XML tree T'. For example, in the XML tree in Figure
[ all first nodes are reachable from the root following a book.author.first-path.
Consequently, they are also reachable from the root following a *.first-path.

For a node v of an XML tree T, let v[Q] denote the set of nodes in T that
are reachable from v by following the PL expression @, i.e., v[Q] = {w | T |
Q(v,w)}. We shall use [Q] as an abbreviation for r[Q] where r is the root of
T. For example, let v be the second book node in Figure [[I Then v[author] is
the set of all author nodes that are children of the second book. Furthermore,
[ *.author] is the set of all author nodes in the entire XML tree.

For nodes v and v’ of T, the wvalue intersection of v[Q] and v'[Q] is given
by v[Q] Ny v[Q] = {(w,w") | w € v[Q),w € v'[Ql,w =, w'} []. That is,
v[Q] Ny v'[Q] consists of all those node pairs in T' that are value equal and are
reachable from v and v’, respectively, by following Q-paths.

A PL expression Q@ is said to be contained in a PL expression Q’, denoted by
Q C @', if for any XML tree T' and any node v of T we have v[Q] C v[Q’]. That
is, every node that is reachable from v by following a @Q-path is also reachable
from v by following a Q’-path. Note that Q@ C @’ holds if and only if every valid
path expression P € @ satisfies P € @' [9]. The containment problem of PL
is to decide, given any PL expressions Q and @', whether @ C @’ holds. The
containment problem of PL is decidable in O(|Q]| x |Q’]) time [9].

Note that although we have presented the language PL using the syntax of
regular expressions, there is an easy conversion of PL expressions to XPath [12]
expressions, just be replacing “ *” of a PL expression with “//”, and “.” with
“/7. Also, if a PL expression is meant to start from the root, the converted path
is preceded with the symbol /7.

The choice of a path language is directly influenced by the complexity of its
containment problem. Buneman et al. [89] argue that PL is simple yet expressive
enough to be adopted by XML designers and maintained by systems for XML
applications.
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2.3 Keys for XML

In [9], Buneman et al. define a key ¢ as an expression (@, (Q',{Q1,...,Qk}))
where @, @', Q; are PL expressions such that Q.Q’.Q; is a valid PL expression
for all = 1,..., k. Herein, Q is called the context path, Q' is called the target
path, and Q1,...,Qy are called the key paths of .

An XML tree T satisfies the key (@, (Q',{Q1,-..,Qk})) if and only if for
any node ¢ € [Q] and any nodes ¢i,q¢5 € ¢[Q’] such that there are nodes
z; € ¢1[Q:], vi € ¢5[Qi] with z; =, y; for alli =1,...,k, then ¢} = ¢} [9]. More
formally, Vg € [Q]Vq}, g5 € q[Q']

N\ dQI Ny Qi1 #0 | = df = g
1<i<k

Moreover, Buneman et al. [9] present a finite set of inference rules which they
state is sound and complete for the implication of XML keys, as well as an
implication decision algorithm based on this axiomatisation.

Table 2. An axiomatisation of XML keys whose key paths are PLs expressions

(@, (Q,5U{e, P})) (@ (@,9)
(@, (,9)) (@, (Q,SU{e, P.P'})) (@, (Q,SU{P}))
(epsilon) (prefix-epsilon) (superkey)
@@PPY) Q@) @@,
(@, (Q,{P.P'})) @, (Q,5) " (@, (Q",5)) " ~
(subnodes) (context-path-containment) (target-path-containment)

(Q?(le{PnPl; . 7P-Pk}))7

(@, (Q.Q",9)) Q. (Q".P {e, P'})) (Q.Q', (P APy, ..., Pr}))
(Q-Q/7(Q//7S)) (Q:(Ql7{57P'P/})) (Q:(Q/-P7 {P177Pk}))
(context target) (subnodes-epsilon) (interaction)

Let & denote the set of inference rules from Table 2] without the subnodes-
epsilon rule. This is the axiomatisation proposed in [9] when only PL; expres-
sions are allowed for the key paths. Unfortunately, & turns out to be incomplete
since the subnodes-epsilon rule is sound for the implication of XML keys and
independent from 6.

The soundness of the subnodes-epsilon rule is not difficult to see. Suppose
an XML tree T violates (@, (Q’,{e, P.P'})). Then there is some node ¢ € [Q]
and some nodes ¢}, ¢ € ¢[Q'] such that ¢} # ¢}, ¢i =» ¢b, and there exist
p] € ¢{[P.P'] and p} € ¢4[P.P’] such that p| =, p). By definition, there exists
some p; € ¢ [P] such that p| € pi[P’]. Since ¢} =, ¢4 it is easy to see that there
exists some node py € g4[P] such that p1 # pa, p1 =, p2 and ph € p2[P’]. But
then p1 € ¢[Q’.P] and p2 € ¢[Q’.P]. Hence, T also violates (Q, (Q'.P,{e, P'})).



110 S. Hartmann and S. Link

Moreover, the subnodes-epsilon rule is independent from &, i.e., there is a
finite set X U {¢} of XML keys such that ¢ cannot be derived from X by &,
but ¢ can be derived from X using & and the subnodes-epsilon rule. A simple
example is given by X' = {(e, (4.B,{e,C}))} and ¢ = (¢, (A, {e, B.C})). In fact,
subnodes is the only inference rule in & that allows us to make an infix of the
target path in the premise of a rule a prefix of a key path in the conclusion of
the rule. Since subnodes only permits a singleton as the set of key paths, and the
other inference rules do not allow us to generate conclusions with a single key
path from premises that have at least two key paths, it is impossible to derive
@ from X using &. On the other hand, however, ¢ can be inferred from X by
a single application of subnodes-epsilon. The soundness of the subnodes-epsilon
rule shows that ¢ is implied by X but ¢ cannot be inferred from X by &.
Consequently, G is incomplete, even for the implication of XML keys with P L,
expressions as key paths.

In the more general case where one allows key paths to be in PL the subnodes

rule
(@, (Q.Q",{P}))
(@, (@, {Q".P}))

is not even sound for the implication of XML keys. A simple counter-example
is the XML tree T illustrated in Figure 2l T satisfies the absolute key ¢ =
(e, (a. *.b.c. *.d,{e})), but violates the absolute key ¢ = (e, (a. *.b,{c. *.d.e}))
since vs,vg € [a. *.b], v3 # wve and vz[c. *.d.€] N, vg[ec. *.d.e] = {(v10,v10)},
i.e., ¢ is not implied by o. However, ¢ can be inferred from o using the subnodes
rule. Therefore, the inference rules proposed in [9] are not sound for the implica-
tion of keys as defined in [9]. Unfortunately, this is not just a minor detail since
the completeness proof [9] makes use of the subnodes rule and is therefore not cor-
rect. Consequently, there is no completeness proof at all. The conference paper [7]
contains a much more restrictive definition of value intersection which leaves the
subnodes rule sound in the presence of arbitrary PL expressions for the key paths,
but this does not affect the incorrectness of the results in the journal paper [9).

root a 4 b c z b c 4 e "gops"

d
E—E—E—E—E—E—06 E—E—©

i 2 v V5 Y% V7 % Y% Vio ‘i1

Fig. 2. The subnodes rule is not sound for key paths in PL

In this paper we study the implication of XML keys with simple key paths.

Definition 1. A key constraint ¢ for XML (or short XML key ) is an expression
(@, (Q,S)) where Q,Q" are PL expressions and S is a non-empty finite set
of PLs expressions such that Q.Q'.P are valid PL expressions for all P in
S. Herein, Q is called the context path, Q' is called the target path, and the
elements of S are called the key paths of p. If Q = €, we call ¢ an absolute key;
otherwise ¢ s called a relative key. O
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Let IC denote the language of XML keys. For an XML key ¢, we use @, to denote
its context path, Q, to denote its target path, and P, .. .,P,fw to denote its
key paths, where k, is the number of its key paths. The size |p| of a key ¢
is defined as the sum of the lengths of all path expressions in ¢, i.e., |¢| =

k
Qo +1Q5 | + 22321 |1PFI-

Example 1. We formalise the examples from the introduction. In an XML tree
that satisfies the absolute key (e, ( *.book, {isbn})) one will never be able
to find two different book nodes that have value equal isbn subnodes. Fur-
thermore, under a book node in an XML tree that satisfies the relative key
( *.book, (author, {first,last})) one will never find two different author subnodes
that are value equal on their first and last subnodes. a

It is stated in [§] “that allowing arbitrary path expressions for the P; [key paths]
merely complicates the definition of key but does not change much in the way of
the theory”. This is not true since the subnodes rule is sound according to the
original XML key definition [§] but not if the P;s are arbitrary PL expressions
as the example above shows.

We will prove that the inference rules from [9] together with the subnodes-
epsilon rule are sound and complete for the implication of XML keys as defined
in Definition [II

Theorem 1. The inference rules from Table [ are sound and complete for the
implication of XML keys in K. O

3 An Axiomatisation

Let X be a finite set of keys in L. An XML tree T satisfies X if and only if T
satisfies every o € X. Let X U {¢} be a finite set of keys in K. We say that X
(finitely) implies @, denoted by X' |= 4y ¢, if and only if every (finite) XML tree
T that satisfies X also satisfies . The (finite) implication problem is to decide,
given any finite set of keys X' U {¢}, whether X' |=(;) ¢. For a set ¥ of keys in
K,let ¥* = {p € K| X E ¢} be its semantic closure, i.e., the set of all keys
implied by Y. Finite and unrestricted implication problem coincide for the class
of keys in K [9]. We will therefore commonly speak of the implication problem
for keys in IC.

The notion of derivability (Fg;) with respect to a set R of inference rules can
be defined analogously to the notion in the relational data model [I, pp. 164-
168]. For a set X of keys in K, let X = {¢ | X Fm ¢} be its syntactic closure
under inference using fR.

The aim in this section is to demonstrate that the set SR of inference rules
in Table @ is sound (i.e., & C X*) and complete (i.e., £* C X)) for the
implication of keys as defined in Definition [

Our completeness argument is fundamentally different from the technique
proposed in [9]. Buneman et al. [9] apply the following strategy: for any ¢ ¢ X
they construct a finite XML tree T that violates ¢. Subsequently, they chase
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those keys in X' which are violated by 7" and maintain at the same time the
violation of ¢. Eventually, this results into a chased version of T' which finitely
satisfies all keys in X’ and violates ¢. This would show that ¢ is not implied by ..
However, the completeness proof is flawed since it requires the soundness of the
subnodes rule, but the subnodes rule is not sound as discussed above. Moreover,
the subnodes-epsilon rule is sound and independent from the inference rules of
[9]. Therefore, the rules are not complete even for the original definition of XML
keys [8] whose key paths are PLg expressions.

Our technique does not use a chase: we will first represent ¢ ¢ X in terms of a
finite node-labelled tree T's; ,, and then calculate the impact of each key in X on a
finite XML tree T that satisfies X, but violates ¢. We keep track of the impacts by
inserting edges into a node-labelled digraph Gz ,, called witness graph. Finally,
we apply a reachability algorithm to Gx , to generate the desired XML tree T'.
This approach turns out to provide even more than just proving completeness.
In fact, X' implies ¢ if and only if there is a path from a distinguished node q;
to a distinguished node g, in Gx,,. We will see later on that this observation
results in a surprisingly efficient decision procedure for the implication problem
of XML keys.

3.1 Mini-trees and Witness Graphs

Let X U{¢} be a finite set of keys in K. Let Lx ,, denote the set of all labels £ € £
that occur in path expressions of keys in X' U {¢}, and fix a label £y e E— Ly ...
Further, let O, and O:D be the PL, expressions obtained from the PL expressions
Q, and QZN respectively, when replacing each * by 4.

Let p be an O,-path from a node r,, to a node gy, let p’ be an Of,-path from a
node 77, to a node q;, and, foreachi = 1, ..., k,, let p; be a P?-path from a node
¢ to anode x7, such that the paths p,p’,p1, ..., pk, are mutually node-disjoint.
From the paths p,p’, p1,...,pr, we obtain the mini-tree T’ , by identifying the
node 7”:0 with g, and by identifying each of the nodes r{ with q:D. Note that g,
is the unique node in Ty, that satisfies g, € [Oy], and g, is the unique node
in T, that satisfies g, € ¢,[O}].

In the sequel, we will discuss how to construct an XML tree from T's; ,, that
could serve as a counter-example for the implication of ¢ by X. A major step
in this construction is the duplication of certain nodes of T's; ,,. To begin with,
we determine those nodes of T’z , for which we will generate two value equal
copies in a possible counter-example tree. The marking of the mini-tree T's; ,, is a
subset M of the node set of T; ,: if foralli = 1,. .., k, we have P # ¢, then M
consists of the leaves of T's; ,, and otherwise M consists of all descendant-or-selfs
of ¢/, in T’z ,. The nodes in M are said to be marked.

Example 2. The left of Figure Bl shows the mini-tree T, for the key ¢ =
(e, ( *.book, (author, {first,last})) and some X, where library is the fixed label
chosen from E — Ly ,. The marking of the mini-tree consists of its leaves (em-
phasised by x). O
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® db do (B) db ® db
é) library é}) library é) library
book book de book
author q’(p author q'(p author
A A
first () () last first (B) (E) last first (E) (E) last
X X

Fig. 3. A mini-tree and two witness graphs

We use mini-trees to calculate the impact of a key in X on a possible counter-
example tree for the implication of ¢ by Y. To distinguish keys that have an
impact from those that do not, we introduce the notion of applicability.

Definition 2. Let Ts , be the mini-tree of the key ¢ with respect to X, and let
M be its marking. A key o is said to be applicable to ¢ if and only if there are
nodes wy € [Qs] and wl, € w,[QL] in Tx, , such that w,[PF]NM # 0 for all
i=1,...,ks;. We say that w, and w) witness the applicability of o to . a

Ezample 3. Let X consist of the two keys o1 = (g, ( *.book, {isbn})) and o9 =
( *.book, (author, {first,last})), and let ¢ = (e, ( *.book.author, {first,last})). We
find that o7 is not applicable to ¢, while o9 is indeed applicable to . a

We define the witness graph G, as the node-labelled digraph obtained from
Ts , by inserting additional edges: for each key ¢ € X' that is applicable to
¢ and for each pair of nodes w, € [Q,] and w) € w,[QL] that witness the
applicability of o to ¢, Gx,, should contain the edge (w,,,ws). Subsequently,
we refer to these additional edges as witness edges, while the original edges from
Ty, are referred to as downward edges of G5 . This is motivated by the fact
that for every witness w, and w., the node w, is a descendant-or-self of the
node w, in T, and thus the witness edge (w/,, w,) is an upward edge or loop
in GE,Lp~

Ezample 4. Let X = {o01,02} as in Example Bl and let ¢ be the key
(e, ( *.book.author, {first,last})). The witness graph Gy, is illustrated in the
middle of Figure[3l It contains a witness edge arising from os. a

Ezample 5. Let X consist of the single key o = ( *.book, (author, {€})), and let
¢ = ( *.book, (author, {first,last})). The witness graph G 5, is illustrated in the
right of Figure[3l It does not contain any witness edges since o is not applicable
to ¢ due to ¢,[e] N M = 0. 0

3.2 Reachability vs. Derivability

We show that if there is a dipath from ¢/, to ¢, in G5, then ¢ € £*. In other
words, if ¢ ¢ X% then there is no dipath from q:a to g, in G .

The proof idea of the Main Lemma is illustrated in Figure @ If there is a
dipath D from q:D to g, in the witness graph Gy ,, then D takes the form
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illustrated in the left of Figure M resulting from applicable keys o1,...,0, € X.
For the existence of derivable keys applicable to ¢ we can assume without loss
of generality that X = Z;g. Notice that the context-target rule can be applied
to extend context paths by shortening target paths appropriately. Hence, there
are applicable keys in X that give rise to a dipath D’ from q:a to q, that takes
the form illustrated in the middle of Figure[dl The inference rules from Table
show that there is a single key ¢ € X' that gives rise to a dipath Dy from q;, to
g, in G5, illustrated in the right of Figure [l

de Wo, =dg do
Wo, |
v, Vo, =V
chfl D Wg = wénil D D0
qgp /
P, pk 0

Fig. 4. Proof idea of main lemma

Lemma 1 (Main Lemma). Let ¥ U {p} be a finite set of XML keys in K. If
g, is reachable from q; in the witness graph Gx o, then ¢ € 7. O

Example 6. In RSA the modulus n is the product of two large primes p
and ¢ which are part of the user’s private key. Common modulus attacks
are avoided by choosing a distinct modulus n for each user, i.e., we spec-
ify the key (e, (group.user,{private.p,private.q})) denoted by o;. Let o2 de-
note (group, (user.private, {p,q})) stating that private keys can be identified by
their prime numbers p and ¢ relatively to the user’s group; and let ¢ denote
(e, (group.user.private, {p,q})) stating that there are no two private keys that
contain the same primes p and g. Finally, let X' = {01, 02}. The mini-tree Ts; ,
and witness graph Gx ., are shown as first and second picture of Figure [, re-
spectively. We apply contezt-target to oo to derive (group.user, (private, {p,q}))
denoted by o4. Let X’ = {01,045}. The witness graph G, is shown as third
picture in Figure Bl An application of the interaction rule to o1 and o} results
in ¢ which shows that ¢ € X*, illustrated on the right of Figure a

3.3 An Illustration of the Completeness Argument

Let ¥ U {p} be a finite set of keys in K such that ¢ ¢ X*. In order to show
completeness one needs to demonstrate that ¢ ¢ X*. Indeed, we can construct
a finite XML tree T" which satisfies X, but violates ¢. Since ¢ ¢ X we know by
Lemma[Ilthat g, is not reachable from q:D in G5 ,. Let u denote the bottom-most
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group ’@ group (E) group (E) group

D D’
user ‘ user (E) user Eb (E) user
private q’q, @ private q}p ‘@ private q’(p @ private
®
X

q p@é@q P® ®q p@é@q

Fig. 5. Example of Main Lemma

descendant-or-self of ¢, in T’z , such that g, is still reachable from v in Gx ..
Further, v must be a proper ancestor of q:a because otherwise u and thus g,
were reachable from q:D in Gx,. Let Ty denote a copy of the path from r to u,
and 11,7 denote two node-disjoint copies of the subtree of Ts , rooted at w.
T, and Ty are populated with text-leaves such that a node of 77 and a node of
T5 become value-equal precisely when they are copies of the same marked node
in Tz ,. The counter-example tree 1" is obtained from Ty, 7T7,7> by identifying
the terminal node of Ty with the roots of T7 and T5.

The left side of Figure[@lshows a counter-example tree T for the implication of

¢ by X = {01, 02} from Example[l In this case, u is the single db-node in T's; ,,
and T1,T5 are two node-disjoint copies of the entire tree T’s ,. Furthermore, T1
and T» carry the same text under their first-nodes and their last-nodes, respec-
tively, and carry different text anywhere else. T itself is obtained by identifying
the three copies of the db-node from Ty, 77 and T5.

db
5 A @ ' book Carrotville
unnvt@oipe/gg book book é@\Carmtvzlle @

@ Roasted Duck
Carrots author \@ author @ Roasted Duck author
first ast r br Mr
i 6@ (@\ ﬁr%(@ last ﬁr%(@ (@\ast ﬁr%(@ (@\ast
Bugs Bunny Bugs Bunny Bugs Burm) Bugs Bunnv

Fig. 6. Counter-example trees for the implication of ¢ by X' = {01, 02} from Example[]
and for the implication of ¢ by ¢ in Example

4 Deciding Implication

We will show in this section how our technique of proving completeness can
be applied to obtain an algorithm for deciding XML key implication in time
quadratic in the size of the constraints. Notice that the heptic time algorithm
from [9] is flawed since it is based on the soundness of the subnodes rule. Even
if only PLg expressions are considered for the key paths, the algorithm is still
flawed since it is based on the incomplete set & of inference rules.
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4.1 The Algorithm

The first step is to show that XML key implication can be completely charac-
terised in terms of the reachability problem of nodes in the witness graph.

Theorem 2. Let X U {p} be a finite set of keys in K. We have X = ¢ if and
only if q, is reachable from q:D in Gxp. O

Theorem [ suggests to utilise the following algorithm for deciding XML key
implication. Our technique for proving the completeness of our inference rules
results in a very compact and easily comprehensible algorithm.

Algorithm 1 (XML Key-Implication)
Input: finite set X U {¢} of XML keys
Output: yes, if ¥ = ¢; no, if X' [~ ¢
Method:

(1) Construct G5, from X and g;

(2) IF g, is reachable from ¢, in G5 , THEN RETURN(yes)
(3) ELSE RETURN (no).

The correctness of Algorithm [[]is an immediate consequence of Theorem

4.2 The Time Complexity

We analyse the time complexity of Algorithm[Il The problem of deciding whether
g, is reachable from q;, in Gx,, can be solved by applying a depth-first search
algorithm to G, with root g,. This algorithm works in time linear in the
number of edges of G5, [23]. Since the number of nodes in G, is just |¢| +1,
step (2) of Algorithm [l can be executed in O(|¢|?) time. It therefore remains to
investigate the time complexity for generating the witness graph Gx , from X
and . This can be done as follows:

1. Initialise G5, with T's ,;
2. For all 0 € X, add the edge (w),,w,) to G5 , whenever w, and w), witness
the applicability of o to ¢ (and the edge does not already exist).

A semi-naive way to execute the last of these steps is to evaluate w) [P7] for
i=1,...,ks, for all w), € w,[Q,] and all w, € [Qs]. Recall that a query of the
form v[Q] is a Core XPath query and can be evaluated on a node-labelled tree
T in O(|T| x |Q|) time [I8]. Hence, we can evaluate w, [P7] for alli =1,... k,
in time O(|¢| x |o). Since [Q,] and w,[Q%] contain at most || nodes each, this
step can be executed in O(|¢|® x |o|) time for each o. If || ¥|| denotes the sum
of all sizes |o| for o € ¥, then we need O(||X]| x |¢|?) time to generate Gx .
Using a more involved analysis of witness edges, we can show that g, is
reachable from ¢, in Gy, if and only if g, is reachable from ¢, in Hy , -
where Hy , is a subgraph of Gz , in which certain witness edges are omitted.
Moreover, Hs; , can be computed in time O(||X]| x |¢|). Hence, we obtain:

Theorem 3. Let X U {¢} be a finite set of XML keys in K. The implication
problem X = ¢ can be decided in O(|¢| x (|| X]| + |¢|)) time. O
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5 Future Work

One area that warrants future research is the study of keys with respect to
more expressive path languages [BII3I2526/34]. In particular, the problems of
axiomatising and developing efficient algorithms that decide the implication of
XML keys as defined in [9] are still open.

A different way of increasing the expressiveness is to view keys from a differ-
ent angle. Indeed, keys restrict the number of nodes, which have the same value
on certain selected subnodes, to 1. It is therefore natural to introduce numerical
keys that simply restrict the number of nodes, having the same value on cer-
tain selected subnodes, to an arbitrary finite number. We can axiomatise this
class of XML constraints and provide practically efficient algorithms to reason
about them. Due to lack of space we omit details. Efficient reasoning about such
constraints allows to precompute upper bounds on the number of query answers.

6 Conclusion

We have reviewed the key constraint language for XML [8J9] and observed that
their axiomatisation [9] is not sound for XML key implication in general [9] and
not complete even for XML keys with simple key path expressions [§]. Based
on this observation we have provided an axiomatisation of XML keys as defined
in [8]. Our technique allows us to characterise XML key implication in terms of
the reachability problem for nodes in a digraph. This results in a first correct
decision procedure, that is also practically efficient, i.e., quadratic in the size
of the input. Keys form a very natural class of XML constraints that can be
utilised effectively by designers, and the complexity of their associated decision
problems indicates that they can be maintained efficiently by database systems
for XML applications.
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