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Abstract. Recently, an axiomatization for functional dependencies
(FDs) and multivalued dependencies (MVDs) has been established where
arbitrary attributes can be specified as NOT NULL. That is, the infor-
mation stored over such attributes must not be incomplete. The axiom-
atization subsumes previous axiomatizations of FDs and MVDs where
every attribute is declared to be NOT NULL, and where no attribute is
declared to be NOT NULL. We establish axiomatizations which under-
pin formally the intuition that the complementation rule is a mere means
of database normalization. The results unburden the existing theory of
the strong assumption that all attributes are known at the time when
the dependencies are specified. The findings extend and unify previous
results for the special cases above.

1 Introduction

A database system manages a collection of persistent information in a shared,
reliable, effective and efficient way. Most commercial database systems are still
founded on the relational model of data [10]. Data administrators utilize various
classes of data dependencies to restrict the relations in the database to those
considered meaningful to the application at hand. According to [12] functional
dependencies (FDs) capture around two-thirds, and multivalued dependencies
(MVDs) around one-quarter of all uni-relational dependencies (those defined
over a single relation schema) that arise in practice. In particular, MVDs are
frequently exhibited in database applications [37], e.g. after denormalization or
in views [1]. While research on this topic has been extensive, only very recently
a theory has been established that can reason about FDs and MVDs exhibited
by relations that satisfy arbitrary NOT NULL constraints [21].

Example 1. Consider a table SUPPLIES with column headers A(rticle),
S(upplier), L(ocation) and C(ost). The table collects information about suppliers
that deliver articles from a location at a certain cost.

CREATE TABLE Supplies
(Article CHAR[20],
Supplier VARCHAR NOT NULL,
Location VARCHAR NOT NULL,
Cost CHAR[8]);
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Suppose the database management system enforces the following constraints:
The FD A → S says that for every article there is a most one supplier, the FD
AL → C says that the costs are determined by the article and the location, and
the MVD S � AC says that the supplier determines the article and cost pairs
independently of the location. Do the following meaningful constraints also need
to be enforced explicitly, or are they already enforced implicitly: i) the MVD
A � L and ii) the FD A → C? ��

Indeed, the declaration of Supplier and Location as NOT NULL guarantees that
both A � L and A → C are implied by A → S; AL → C and S � AC.
However, reasoning about FDs and MVDs in the presence of an arbitrary null-
free subschema (NFS), i.e. the set of attributes declared NOT NULL, is subtle.
For example, if S is not declared NOT NULL, then neither the FD nor the MVD
is implied. Consequently, the opportunity to specify an arbitrary NFS provides
the data administrator with a flexible mechanism to control the expressiveness
of the consequence relation. Dedicated tools for reasoning about FDs and MVDs
in the presence of arbitrary NFSs have been established [21]. The set

D = {RF,DF,UF,UM, TM, CR
M, IFM, TFM}

of inference rules from Table 1 is a finite axiomatization [21].

Example 2. Let R = ASLC, Rs = SL, Σ = {A → S; AL → C; S � AC} as in
Example 1. The inference

A → S S � AC

IFM : A � S CR
M : S � L RF : A → A

TM : A � L IFM : A � A
UM : A � AL AL → C
TFM : A → C

shows that A � L and A → C can be inferred from Σ by D. Since D is sound,
in particular, it follows that both dependencies are implied by Σ. ��

The inference in Example 2 can be criticized in two different aspects. When
inferring MVDs, then applications of the R-complementation rule CR

M should be
restricted to the very last step of the inference (if necessary at all). The ability
to have inferences with this property for all implied MVDs would establish an
axiomatization that appropriately reflects the database normalization process.
Moreover, for every implied FD there should be an inference with no applications
of the R-complementation rule CR

M at all. The desirability of these two features
has already been motivated and axiomatizations with these features have been
established for the special cases where every attributes is NOT NULL [8,9,29]
and where every attribute is NULL [30]. In this paper, we will show that the
axiomatization D has neither of these features. Subsequently, we will establish a
finite axiomatization with both features. The results provide a unifying frame-
work for all previous findings on these issues.
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Example 3. Suppose the four attributes Article, Supplier, Location and Cost
only constitute the fragment of a view that we are currently aware of. That is,
the underlying schema information is undetermined. Therefore, applications of
the MVD complementation rule are not sound in this setting since the underlying
universe is no longer known. For example, while the MVD S � AC implies the
MVD S � L over the schema Supplies, S � AC does not imply S � L when
the schema is undetermined. Consequently, if S � L is perceived as a meaningful
semantic constraint that must be enforced by the DBMS, then we need to specify
this MVD explicitly as well. ��

As a second contribution of this paper we establish a finite axiomatization for the
combined class of FDs, MVDs and arbitrary null-free subschema over undeter-
mined universes. Again, this result subsumes all previous findings on this subject,
in particular the special case where every attribute is NOT NULL [8,9,29] and
the special case where every attribute is NULL [30].

Organization. We summarize previous work in Section 2. The basic definitions
are given in Section 3. In Section 4 we establish an axiomatization of FDs and
MVDs in the presence of an arbitrary NFS that enjoys both of the features.
We establish an axiomatization over undetermined universes in Section 5. We
conclude in Section 6.

2 Related Work

Data dependencies have been studied thoroughly in the relational model of
data, cf. [1]. Applications comprise almost the full range of database topics,
e.g. normalization, requirements engineering and schema validation, data min-
ing, database security, view maintenance and query optimization. They have
received considerable attention in other data models as well . New application
areas involve data cleaning, data transformations, consistent query answering,
data exchange and data integration.

FDs capture around two-thirds and MVDs around one-quarter of all uni-
relational dependencies that arise in applications [12,37]. For total relations, Arm-
strong [3] established the first axiomatization for FDs. Beeri, Fagin, and Howard
extended this axiomatization to the combined class of FDs and MVDs [6]. Biskup
[8], Link [29] and Biskup/Link [9] studied notions of FD and MVD implication
where the underlying set of attributes is not fixed. In the same papers, axioma-
tizations were presented that clarify the role of the R-complementation rule as
a mere means of database normalization [8,9,29]. In general, axiomatizations can
be applied by designers and administrators to validate the specification of explicit
knowledge, to design and fine-tune databases or to optimize queries. An axiom-
atization ensures that all opportunities of utilizing implicit knowledge have been
exploited. An analysis of the completeness argument can provide invaluable hints
for finding algorithms that efficiently decide the implication problem.

One of the most important extensions of Codd’s basic relational model [10]
is incomplete information [11,23,26]. This is mainly due to the high demand for
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the correct handling of such information in real-world applications. Approaches
to deal with incomplete information comprise incomplete relations, or-relations
or fuzzy relations. In this paper we focus on incomplete relations. In the liter-
ature many kinds of null values have been proposed; for example, “missing” or
“value unknown at present” [15], “non-existence” [31], “inapplicable” [15], “no
information” [38] and “open” [14]. Most of the previous work on data depen-
dencies is based on Zaniolo’s no-information interpretation. This interpretation
is valid for most database instances that occur in practice, since SQL allows
only one unmarked null value. Consequently, the no information interpretation
can model missing as well as incomplete information. Only recently, the set
D = {RF,DF,UF,UM, TM, CR

M, IFM, TFM} was shown to form an axiomatization
for the combined class of FDs and MVDs in the presence of an arbitrary null-free
subschema Rs [21], cf. Table 1. Moreover, it was shown [21] that the implication
of FDs and MVDs in the presence of an arbitrary NFS Rs is equivalent to that
of a fragment in Cadoli and Schaerf’s Rs-3 logics [32]. The theory has unified
previously orthogonal frameworks. For example, Beeri, Fagin and Howard’s ax-
iomatization [6] is covered when every attribute is NOT NULL, i.e. when Rs = R.
Lien’s axiomatization [27] is subsumed as the special case where every attribute
is NULL, i.e., when Rs = ∅. Finally, Atzeni and Morfuni’s axiomatization [4]
AM = {RF,DF,UF, TF} for FDs in the presence of an arbitrary NFS Rs is also
subsumed. Link [30] presented an axiomatization for the class of MVDs that
clarifies the role of the R-complementation rule, but only for the special case
where every attribute is NOT NULL.

3 Preliminaries

We summarize the basic notions of data dependencies over partial relations.
Let A = {A1, A2, . . .} be a (countably) infinite set of distinct symbols, called

attributes (column names). A relation schema is a finite non-empty subset R
of A. Each attribute A of a relation schema R is associated with an infinite
domain dom(A) which represents the possible values that can occur in column
A. To encompass incomplete information every column may have a null value,
denoted by ni ∈ dom(A). The intention of ni is to mean “no information”. This
interpretation can model missing as well as incomplete information [4,38].

For attribute sets X and Y we may write XY for X∪Y . If X = {A1, . . . , Am},
then we may write A1 · · ·Am for X . In particular, we may write simply A to
represent the singleton {A}. A tuple over R (R-tuple or simply tuple, if R is
understood) is a function t : R →

⋃

A∈R

dom(A) with t(A) ∈ dom(A) for all

A ∈ R. The null value occurrence t(A) = ni associated with an attribute A in
a tuple t means that no information is available about the attribute A for the
tuple t. For X ⊆ R let t[X ] denote the restriction of the tuple t over R to X .
A (partial) relation r over R is a finite set of tuples over R. Let t1 and t2 be
two tuples over R. It is said that t1 subsumes t2 if for every attribute A ∈ R,
t1[A] = t2[A] or t2[A] = ni holds. In consistency with previous work [4,27,38],
the following restriction will be imposed, unless stated otherwise: No relation
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shall contain two tuples t1 and t2 such that t1 subsumes t2. With no null values
present this means that no duplicate tuples occur.

For a tuple t over R and a set X ⊆ R, t is said to be X-total if for all A ∈ X ,
t[A] 	= ni. Similar, a relation r over R is said to be X-total, if every tuple t of r
is X-total. A relation r over R is said to be a total relation if it is R-total.

We recall projection and join operations [4,27]. Let r be some relation over R.
Let X be some subset of R. The projection r[X ] of r on X is the set of tuples t
for which (i) there is some t1 ∈ r such that t = t1[X ] and (ii) there is no t2 ∈ r
such that t2[X ] subsumes t and t2[X ] 	= t. For Y ⊆ X , the Y -total projection
rY [X ] of r on X is rY [X ] = {t ∈ r[X ] | t is Y -total}. Given an X-total relation
r over R and an X-total relation s over S such that X = R∩ S the natural join
r �� s of r and s is the relation over R ∪ S which contains those tuples t for
which there are tuples t1 ∈ r and t2 ∈ s with t1 = t[R] and t2 = t[S] [4,27].

Functional dependencies are important for the relational [5,7,10] and other
data models [2,16,17,18,19,20,22,24,25,28,33,34,35,36]. According to Lien [27],
a functional dependency with nulls (FD) over R is a statement X → Y where
X, Y ⊆ R. The FD X → Y over R is satisfied by a relation r over R ( |=r X → Y )
if and only if for all t1, t2 ∈ r the following holds: if t1 and t2 are X-total and
t1[X ] = t2[X ], then t1[Y ] = t2[Y ]. For total relations the FD definition reduces
to the standard definition of a functional dependency [1], and so is a sound
generalization. It is also consistent with the no-information interpretation [4,27].

In fact, tuples with nulls in attributes in X cannot cause a violation of the FD
X → Y : the nulls mean that no information is available about those attributes.
Two X-total tuples t1, t2 where t1[X ] = t2[X ] and t2 is A-total while t1 is not,
violate any FD X → Y with A ∈ Y : t1 indicates that no information is available
about the value for A associated with t1[X ], while t2 indicates that the value
for A associated with t2[X ] = t1[X ] does exist. Hence, it violates the natural
requirement of an FD that if the values for X are the same for two tuples, both
tuples must contain the same information for the attributes in Y .

According to Lien [27], a multivalued dependency with nulls (MVD) over R
is a statement X � Y where X, Y ⊆ R. The MVD X � Y over R is satisfied
by a relation r over R (|=r X � Y ) if and only if for all t1, t2 ∈ r the following
holds: if t1 and t2 are X-total and t1[X ] = t2[X ], then there is some t ∈ r such
that t[XY ] = t1[XY ] and t[X(R − Y )] = t2[X(R − Y )]. Informally, the relation
r satisfies X � Y when every X-total value determines the set of values on Y
independently of the set of values on R−Y . It has been shown that |=r X � Y
if and only if rX [R] = rX [XY ] �� rX [X(R−Y )] [27]. Again, the MVD definition
is a sound generalization of the standard definition over total relations [13].

Following Atzeni and Morfuni [4], a null-free subschema (NFS) over the re-
lation schema R is a an expression Rs where Rs ⊆ R. The NFS Rs over R is
satisfied by a relation r over R (|=r Rs) if and only if r is Rs-total. SQL al-
lows the specification of attributes as NOT NULL, cf. Example 1. Hence, the
set of attributes declared NOT NULL forms the single NFS over the underlying
relation schema.
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For a set Σ of constraints over some relation schema R, we say that a relation
r over R satisfies Σ (|=r Σ) if r satisfies every σ ∈ Σ. If for some σ ∈ Σ the
relation r does not satisfy σ we say that r violates σ (and violates Σ) and write
	|=r σ (	|=r Σ). We will consider different classes C of constraints over a single
relation schema, e.g. FDs and MVDs.

In schema design data dependencies are normally specified as semantic con-
straints on the relations intended to be instances of the schema.

During the design process or the lifetime of a database one usually needs to
determine further dependencies which are implied by the given ones. Let R be
a relation schema, let Rs ⊆ R denote an NFS over R, and let Σ ∪ {ϕ} be a set
of data dependencies over R in the class C. We say that Σ R-implies ϕ in the
presence of Rs (Σ |=R

Rs
ϕ) if every relation r over R that satisfies Σ and Rs also

satisfies ϕ. If Σ does not R-imply ϕ in the presence of Rs we may also write
Σ 	|=R

Rs
ϕ.

For a set Σ of data dependencies in C over a relation schema R and an NFS
Rs over R, let Σ∗

(R,Rs) = {ϕ ∈ C | Σ |=R
Rs

ϕ} be its semantic closure. In order to
determine the logical consequences of a set of FDs and MVDs with respect to
R-implication one can utilise a syntactic approach by applying inference rules,
e.g. those in Table 1. These inference rules have the form

premise
conclusion

condition,

and inference rules without any premises are called axioms. An inference rule is
called sound for the R-implication of dependencies in the presence of an NFS,
if whenever the set of dependencies in the premise of the rule and the NFS
are satisfied by some relation over R and the dependencies and NFS satisfy
the conditions of the rule, then the relation also satisfies the dependency in the
conclusion of the rule. For a finite set Σ ∪ {ϕ} of dependencies and a set R of
inference rules let Σ �R ϕ denote the inference of ϕ from Σ by R. That is,
there is some sequence γ = [σ1, . . . , σn] of dependencies such that σn = ϕ and
for every σi is an element of Σ or results from an application of an inference rule
in R to some dependencies in {σ1, . . . , σi−1}. For a finite set Σ of dependencies
in C, let Σ+

R = {ϕ | Σ �R ϕ} be its syntactic closure under inferences by R.
A set R of inference rules is said to be sound (complete) for the R-implication
of dependencies in C in the presence of an NFS if for every relation schema R,
for every NFS Rs over R and for every set Σ of dependencies in C over R we
have Σ+

R ⊆ Σ∗
(R,Rs) (Σ∗

(R,Rs) ⊆ Σ+
R). The (finite) set R is said to be a (finite)

axiomatization for the R-implication of dependencies in C in the presence of an
NFS if R is both sound and complete for the R-implication of dependencies in
C in the presence of an NFS.

4 Appropriate Reasoning

The goal of this section is to establish an axiomatization for the R-implication
of FDs and MVDs in the presence of an NFS that enjoys the features described
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in the introduction. For this purpose we assume that sets R of inference rules do
not contain rules that are dependent on the underlying relation schema R with
the exception of the R-complementation rule CR

M. First we extend the notion of
an appropriate inference system [9] to the presence of an arbitrary NFS.

Definition 1. Let R denote a set of inference rules that is complete for the
R-implication of FDs and MVDs in the presence of an NFS.

R is said to be complementary for the R-implication of FDs and MVDs if
for every relation schema R, for every NFS Rs over R, for every set Σ of FDs
and MVDs over R, and for every MVD ϕ over R such that ϕ is R-implied by
Σ in the presence of Rs there is an inference of ϕ from Σ by R in which the
R-complementation rule CR

M is applied at most once and if it is applied, then it
is applied only in the very last step of the inference.

R is said to be adequate for the R-implication of FDs and MVDs if for every
relation schema R, for every NFS Rs over R, for every set Σ of FDs and MVDs
over R, and for every FD ϕ over R such that ϕ is R-implied by Σ in the presence
of Rs there is an inference of ϕ from Σ by R in which the R-complementation
rule CR

M is not applied at all.
R is said to be appropriate for the R-implication of FDs and MVDs in the

presence of an NFS if R is complementary and adequate. ��

The next result illustrates that the properties of complementarity and adequacy
cannot be taken for granted.

Theorem 1. D is neither complementary nor adequate for the R-implication of
FDs and MVDs in the presence of an NFS. ��

An immediate question is whether there exist any axiomatizations that are com-
plementary and/or adequate. Before we can give an affirmative answer to this
question, we introduce additional inference rules that we will require to identify
such axiomatizations.

Lemma 1. The additive null transitivity rule T ∗
M, null subset rule SM and mixed

null subset rule SFM are sound for the R-implication of FDs and MVDs in the
presence of an NFS. ��

We are now ready to present our first main result. For this purpose let

U = {RF,DF,UF,UM, T ∗
M, TM,SM, IFM, TFM,SFM}

and let F = U ∪ {CR
M}. The completeness of D implies the completeness of F,

and Lemma 1 shows that F is an axiomatization for the R-implication of FDs
and MVDs in the presence of an NFS. We will now show that F is appropriate.
The proof is constructive in the sense that it can be utilized to transform any
inference that does not enjoy the features into an inference that does.

Theorem 2. Let Σ be a set of FDs and MVDs over relation schema R, and
Rs ⊆ R. For every inference γ from Σ by the system D there is an inference ξ
from Σ by the system F with the following properties:
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Table 1. Inference rules for FDs and MVDs in the presence of an NFS Rs

XY → Y

X → Y Z

X → Y
(reflexivity, RF) (decomposition, DF)

X → Y ; X → Z

X → Y Z

X → Y ; Y → Z

X → Z
Y ⊆ XRs

(FD union, UF) (null transitivity, TF)

X � Y ; X � Z

X � Y Z

X � W ; Y � Z

X � ZW
Y ⊆ X(W ∩ Rs)

(MVD union, UM) (additive null transitivity, T ∗
M)

X � W ; Y � Z

X � Z − W
Y ⊆ X(W ∩ Rs)

X � W ; Y � Z

X � Z ∩ W
Y ⊆ XRs; (Y − X) ∩ W = ∅

(null pseudo-transitivity, TM) (null subset, SM)

X � Y

X � R − Y
(R-complementation, CR

M)

X → Y

X � Y

X � W ; Y → Z

X → Z ∩ W
Y ⊆ XRs; (Y − X) ∩ W = ∅

(implication, IFM) (null mixed subset, SFM)

X � W ; Y → Z

X → Z − W
Y ⊆ X(W ∩ Rs)

(null mixed pseudo-transitivity, TFM)

1. if γ infers an MVD, then
– γ and ξ infer the same MVD,
– in ξ the R-complementation rule is applied at most once, and
– if the R-complementation rule is applied in ξ, then it is applied as the

last rule.
2. if γ infers an FD, then

– γ and ξ infer the same FD, and
– in ξ the R-complementation rule is not applied at all. ��

As an example of Theorem 2 we illustrate how the inappropriate inferences by
the system D from Example 2 can be replaced by appropriate inferences by the
system F.

Example 4. Let R = ASLC, Rs = SL, Σ = {A → S; AL → C; S � AC} as in
Example 2. First we show an inference of the MVD A � L from Σ and Rs that
utilizes the R-complementation rule CR

M only in the last step.
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A → S
IFM : A � S S � AC

T ∗
M : A � ACS

CR
M : A � L

Next we show an inference of the FD A → C from Σ and Rs that does not
require any application of the R-complementation rule CR

M.

A → S

IFM : A � S S � AC
T ∗

M : A � ACS AL → C
SFM : A → C

For the application of the null mixed subset rule SFM note that AL ⊆ ALS and
(AL−A)∩ACS = ∅ hold. In particular, the example showcases applications of
the additive null transitivity rule T ∗

M and the null mixed subset rule SFM. ��

Corollary 1. F is an appropriate finite axiomatization for the R-implication of
FDs and MVDs in the presence of an NFS. ��

Among others Theorem 2 shows that U is nearly complete for the R-implication
of FDs and MVDs in the presence of an NFS. Indeed, U enables us to infer
every R-implied FD. Moreover, for every R-implied MVD X � Y the system U
enables us to infer X � Y itself or X � R − Y .

Corollary 2. Let Σ ∪ {ϕ} be a finite set of FDs and MVDs over the relation
schema R. Then

– If ϕ denotes an FD, then: ϕ ∈ Σ+
F if and only if ϕ ∈ Σ+

U .
– If ϕ denotes the MVD X � Y , then: X � Y ∈ Σ+

F if and only if X � Y ∈
Σ+

U or X � (R − Y ) ∈ Σ+
U . ��

Another interpretation of Corollary 2 is the following: if U is utilized to infer
FDs, then the underlying universe does not need to be fixed at all; and if U is
utilized to infer MVDs, then the fixing of a universe can be deferred until the
very last step of the inference.

5 Undetermined Universes

The system U is almost complete for the R-implication of FDs and MVDs in the
presence of an NFS. We show now that if we do not fix a relation schema R,
then U is actually complete for the corresponding notion of implication.

FDs, MVDs and NFSs are syntactical expressions as before, but their attribute
sets are finite subsets of our countably infinite set A. Let Dom(r) denote the
domain of a relation r, i.e., the set of attributes over which the relation is defined.
For an FD or MVD σ let lhs(σ) and rhs(σ) denote the attribute sets on the left-
hand side and right-hand side, respectively. That is, lhs(σ) = X and rhs(σ) = Y
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if σ denotes the MVD X � Y or the FD X → Y . Let Attr(σ) denote the set of
attributes that occur in σ, i.e., Attr(σ) = lhs(σ)∪ rhs(σ). A relation r is said to
satisfy the FD X → Y if XY ⊆ Dom(r) and for all tuples t1, t2 ∈ r the following
holds: if t1[X ] = t2[X ] and t1 is X-total, then t1[Y ] = t2[Y ]. A relation r is said
to satisfy the MVD X � Y if Attr(σ) ⊆ Dom(r) and for all tuples t1, t2 ∈ r the
following holds: if t1[X ] = t2[X ] and t1 is X-total, then there is some t ∈ r such
that t[XY ] = t1[XY ] and t[X(Dom(r) − Y )] = t2[X(Dom(r) − Y )]. Finally, a
relation r satisfies the NFS Rs if Rs ⊆ Dom(r) and r is Rs-total.

Definition 2. Let Σ ∪{ϕ} be a set of FDs and MVDs and Rs an NFS. We say
that Σ implies ϕ in the presence of Rs if and only if every relation r satisfies
the following condition: if ∪σ∈ΣAttr(σ)∪Attr(ϕ)∪Rs ⊆ Dom(r) and r satisfies
all σ ∈ Σ and Rs, then r also satisfies ϕ. ��
The notions of soundness and completeness are simply adapted to the context
of undetermined universes by dropping the reference to the underlying relation
schema R from the corresponding notions in the context of fixed universes.

Let Σ ∪ {ϕ} be a set of FDs and MVDs, Rs an NFS, and let R be some
relation schema such that ∪σ∈ΣAttr(σ)∪Attr(ϕ)∪Rs ⊆ R holds. Based on the
definition of an MVD and FD, respectively, the following hold:

1. If ϕ denotes an MVD, then Σ R-implies ϕ in the presence of Rs whenever
Σ implies ϕ in the presence of Rs, but not necessarily vice versa.

2. If ϕ denotes an FD, then Σ R-implies ϕ in the presence of Rs if and only if
Σ implies ϕ in the presence of Rs.

Next we illustrate that R-implication of an MVD does not necessarily entail the
implication of the MVD.

Example 5. The MVD S � A, C Supplies-implies the MVD S � L in the
presence of Rs = ∅, but S � A, C does not imply S � L in the presence of Rs:

Supplier Article Cost Location Quantity
Taratua&Co Kea ni Gisborne 2
Taratua&Co Kea ni Wellington 3

.

��
We are now able to state our second main result of this paper.

Theorem 3. The set U is a finite axiomatization for the implication of FDs
and MVDs in the presence of an NFS over undetermined universes. ��

6 Conclusion

We have established two finite axiomatizations of functional and multivalued
dependencies over attribute sets in which arbitrarily many attributes can be
declared NOT NULL. The axiomatizations capture the notion of semantic im-
plication over fixed and undetermined universes, respectively. Together, they
provide strong formal evidence for the intuition that the complementation rule
is a mere means of database normalization. The results generalize several previ-
ous findings on the subject.
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